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MATT KERR 

Abstract. Starting from the candidate Bloch-Beilinson nitration on CH (Xc) 
constructed in [L2] , we develop and describe geometrically a series of Hodge- 
theoretic invariants \tj defined on the graded pieces. Explicit formulas (in 
terms of currents and membrane integrals) are given for certain quotients of 
the with applications to 0-cycles on products of curves. 



1. Introduction 

A classical question in transcendental algebraic geometry, which has seen a 
resurgence of interest (e.g. [Grl], [GG3], [L2], [RS]) in recent years, is that of 
rational equivalence of algebraic cycles on a smooth projective variety X/C 
For instance, suppose we take two formal sums Z\ and Z 2 of points with integer 
multiplicities (or 0-cycles) on X. When can we rationally parametrize a "path" 
between the two collections? That is, writing □ := Pj, \ {1} for affine space, 
when does there exist an algebraic 1-cycle W G Z\{X x □) such that 

Z x -Z 2 = n?(W ■ X x {0}) - n?(W ■ X x {oo}) ? 

Or equivalently, when do there exist curves Wj on X (with desingularizations 

Wj ^ X) and functions f) G C(W,-)* such that Z 1 -Z 2 = J2 h*Ui) ? 

For dim c A = 1, this is the familiar question of whether Z\ — Z 2 is the 
divisor of a function, and it is "solved" by Abel's theorem: the two invariants 

rat 

\&o :=degree map and \l/i:=Abel-Jacobi map completely detect ^ (see for 
example [G]). 

Further invariants are required when dim A = n > 1. The goal at which 
this paper is aimed, is the explicit description of a series of Hodge-theoretically 
determined, higher A J-type maps which "completely capture" rational equiv- 
alence classes of 0-cycles. (Each should be defined on ker(^ r i _ 1 ).) To make 
this goal more attainable we simplify things in a couple of ways. All cycle, 
Chow, A'-groups (and related objects) are taken £g>Q (i.e. modulo torsion); so 
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CH n (X) means CH n (X) <g> Q, while ## P (X) := F p H 2p (X, C) n # 2p (X, Q) and 
J P (X) := FP { Q u m }+H*p'-i(x Q) ■ We a ^ so assume throughout that X is defined 
over Q, which is to say: it is cut out by equations with coefficients in a number 
field. 

Now restrict to those 0-cycles defined over some fixed field k finitely generated 
/Q. (By taking a limit over such fccC, one eventually gets all 0-cycles on Xq.) 
ty and are conveniently summarized (e.g., see [Gr2]) by the Deligne cycle- 
class map 

4: CH n (X k )^Hl n (X c ,Q(n)). 

According to the Bloch-Beilinson conjecture (BBC), this is injective if k — Q; 
otherwise its kernel may be huge, and so one is led naturally into the arithmetic 
world in dealing with the extension k/Q. One can in fact exchange this exten- 
sion for additional geometry by performing a Q-spread as described in §2, to 
obtain a cycle £ G Z n [X x rjs) defined over Q. 

A version of the Bloch-Beilinson conjecture for quasi-projective varieties X x 
U (of which X x rjs is a limit) now tells us that a refinement 

c n : CH n (X x rjs/o) - H%(X x r) S , Q(n)) 

of c^ xr?s is injective. (Hff is absolute Hodge cohomology as defined in [L2].) 
Placing a Leray filtration on [a subgroup of] H^ 1 as in [L2], the corresponding 
graded pieces of cu(C) give the desired invariants 

*i : CCH n (X k ) := ker(^_ 1 ) ^ Gr l c H%(X x Vs ,Q(n)). 

Intutitively, the idea is to use the product structure of X x r] S to chop up the 
cycle and AJ-classes of the spread ( of Z. This story is reviewed abstractly in 
Part 1 (§§2 — 6). The difficulty is in finding explicit formulas for the resulting 
maps; this occupies us for much of the remainder of the paper, which is divided 
into Part 2 (§§7 - 9), Part 3 (§§10 - 12), and Part 4 (Applications, §§13 - 17). 

Two remarks are in order. First, we wish to emphasize the tenuous nature of 
BBC. There are very simple cases where it is not known. A particularly striking 
example was pointed out to the author by P. Griffiths: say we present a K3 
surface X as a double cover of P 2 branched over a smooth sextic curve with 
affine equation f(x,y) = 0. Then for any x, y G Q not solving /, 

Z x , v ■= (x,y,+y/f&y)) - fay,-y/f(x,y)) G ker(c£) C CH 2 (Xq) 

since /i 1,0 (X) = 0; but we are not aware of any proof that (some multiple 

of) Z xy = 0. If BBC fails (for quasi-projectives) then the series is still 
(well-) defined but their kernels do not exhaust CH n (Xk). So without the aid 

rat 

of conjectures, at present the best we can hope for is to detect Z ^ when 
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Cp(Z) = 0, by showing e.g. ^2(2) or ^z{Z) 7^ 0. Some concrete examples 
(and techniques) are given in Part 4. 

The second remark, is that in case one replaces X by a relative variety (X, Y) 
(as we do in Part 2) one must also require that fj = 1 on Lj 1 (yVj H Y) in the 
above definition of rational equivalence of 0-cycles. 

The present paper is a fusion between the algebraic computation of the 
target-spaces in [L2], the geometric point of view in [GG3], and the work on 
regulator maps in [Kel]. Its central results are the presentation (in Part 3) 
of a quotient of ^i(Z), as a (geometrically defined) vector- valued differential 
character on the "base" 775 of the spread; and (for X a product of curves) 
its representation via explicit (i — l)-currents on S (in §14). These "reduced 
invariants" Xi{Z) (and the currents) are motivated by a study of analogous 
invariants in the degenerate situation X = (□", dD n ) in Part 2, which turn 
out to be computed by the Milnor-regulator currents of [Kel] (on 775). (Here 
(□", dD n ) denotes affine n-space relative its faces; we also study the situation 
for X = (P 1 , {0, 00})™, which we think of as a product of degenerate elliptic 
curves.) Our general philosophy is that the degenerate invariants, or Xi(Z), 
can be "pushed down" to functionals on topological (i — l)-cycles on the base 
of the spread. 

The geometric construction of the Xi, followed by the proof that they are well- 
defined on OCHq and are factored by the ^j, is contained in §11. Involved in 
the proof (of Proposition 11.2) is an interesting technical observation: Kiinneth 

components of Abel-Jacobi classes of (algebraic) cycles ( = on quasiprojec- 
tive varieties X x U, whose closure ( on X x S may not be homologous to zero, 
can still be partially computed by straightforward membrane integrals. (In fact, 
what we prove is stronger than this.) See Remark 4.1 and remarks preceding 
Prop. 11.2 for further discussion. 

We also offer some description of the full invariants and their targets, in §§ 
4, 5, 10, and 12. That in §12 leads to a very simple proof (in §15, using ^2) of 
a result of [RS] for certain 0-cycles on products of curves, which we then apply 
to special Kummer (K3) surfaces in §17. Finally, we present evidence that 
the reduced invariant xi ma J do just as well as ^2 at detecting such 0-cycles. 
We prove a statement along these lines for products of elliptic curves in §16 
using a result (and in one special case a conjecture) on algebraic independence 
of values of elliptic logarithms. This appears to be the first result of its kind, 
bringing transcendence theory to bear on higher Abel-Jacobi maps, and should 
be interesting to pursue further. 

We should emphasize that this paper is foundational in nature; most of it 
was written before [Ke4] and [Ke5], which rely heavily on the framework and 



4 



MATT KERR 



technical results of the present §§2 — 5, 10 — 14. Several original applications to 
the detection of explicit "new" cycles (not previously known to be nontrivial) 
can be found in those papers, e.g. §§6.1, 6.3, 8.2 of [Ke4]. The arguments in 
the present §§10 — 11 will also be applied to the study of higher Chow cycles 
[KL]. 

For the orientation of the reader we point out that a review of Lewis's de- 
scription of the ^-targets Gr' l c H^(X x i] S ,Q(n)) may be found in §4. In §10, 
we give also an explicit "Deligne-homology"-type presentation of the Gr^Hj^; 
this just means a description obtained by resolving a relevant Deligne-Beilinson 
cone complex by acyclic sheaves (as in [Jal]). 

We thank Mark Green and James Lewis for helpful conversations, and UCLA 
and MPI-Bonn for support while this paper was being written. 

Part 1. Abstract definition of the invariants 

2. Spread philosophy 

Let X be an n-dimensional smooth projective variety defined /Q, and k C C 
be a finitely generated extension of Q with trdeg(k/Q) —: t < oo. We consider 
0-cycles Z G Z n (X k ), where X k := X X( Spec Q) Spec A;; our aim is to develop 
invariants to detect their rational equivalence classes (Z) G CH n (Xk). An 
important tool will be the "Q-spread" ( of Z; we give three versions (the first 
of which we shall not use): 

Arithmetic spread. Let S/Q be a smooth projective variety with dimS* = t 
and rational function field Q(S) — > k. Then e -1 induces base change to 

e 

C := Z x (Specfc) SpecQ^) G Z n (X x SpecQ(S)). 

Trivially, (^(^ = <^ (Z) = 0; we have merely applied e -1 to the coefficients 
of the (homogeneous) defining equations of Z (in A: [A]). 

Full (geometric) spread. A choice of hyperplane section now induces a Q- 

_ x - 

algebra homomorphism Q[S] Q(S) of the homogeneous coordinate ring into 
the function field. (If L is a linear form corresponding to the hyperplane, set 
^(F) = {d for F homogeneous of degree <i, and extend linearly. The induced 
map Spec Q(S) — > Proj Q[S\ gives a generic point of S, in the Zariski con- 
text.) Clearing denominators from the defining equations of ( therefore yields 
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(bihomogeneous) equations cutting out a cycle ( G Z n (X x S) which maps to 

C under Z n (X x ProjQfS]) ^ Z n (X x SpecQ(S)). 

This "full spread" ( has defects: neither the choice of S nor the clearing of 
denominators is unique; so the behavior of ( over codimension-1 (Q-)subvarieties 
of S (where its relative dimension over S may exceed 0) is ambiguous. In 
fact (Z) = (on Xk) •<==>- C is rationally equivalent to a cycle supported on 
X x {codim. 1 C S}; to see this, simply spread or restrict a given rational 
equivalence. 

Its two advantages: that ( is defined /Q will be essential for our use of 
the Bloch-Beilinson conjecture below. Moreover, a fixed choice of ( may be 
complexified (along with X x S) and considered as a formal sum (with rational 
coefficients) of irreducible analytic subvarieties of X x S. This allows us to work 
in the realm of Hodge theory, perform the integrals defining the A J-maps, and 
so on. 

Throughout the paper, we will use the following notation for "maps" related 
toO 




Here px, Ps, and i are really formal sums of the corresponding maps p x : Q — > 
X on (desingularizations of) the irreducible components of C = ^rriiQ. 

Remark 2.1. These maps are both holomorphic and proper. Hence, given a 
(closed) holomorphic form won I, one may pull it back along p x . Viewing the 
resulting holomorphic form as a current of type (i, 0), one may push it forward 
along p l s to obtain (since codimxxs(C) — dim(X)) a closed (i, 0) current on 
S. By a standard <9-regularity lemma from Hodge theory ([LI, ch. 10]), such 
a current is in fact a holomorphic form. We write p l s „Px w f° r the result and 
define ps^Px*^ '■= J2i m iPs*Px *°" '> which gives a map Q l (X) — > Q 2 (S). This is 
used in §§11//. 

Final version of spread. This will share the advantageous properties of (, 
while lacking the ambiguities and being equivalent to C from an algebraic point 
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of view /Q. Namely, take ( to be the image of ( under the restriction 
j : Z n (X x S) — > lim Z n [X x S\D) =: Z n [X x Vs ). 

D/QcS 
codim. 1 

(Here r] S is just the limit of the affine Zariski-open sets S\D; for our purposes, 
this is a much better definition of "generic point" than Spec Q(S').) Clearly 

C I Z 1 and 

CH n {Xxr] sm ) := lim CH n {X x (S\D)) = CH n {X x Spec Q(S)) = CH n (X k ). 

DCS 

To consider Xxr/s as an analytic variety (possessing C°° (p, g)-forms/currents, 
topological chains, etc.), simply work on a (complexified) arbitrary representa- 
tive X x S\D of the limit. In subsequent sections, this will usually be tacit (as 
will complexification). We also note that cohomology groups (singular, absolute 
Hodge, etc.) of r] S or X x r] S are implicitly defined via the obvious direct limits 
(which are exact in the category of abelian groups), and homology by inverse 
limits. 

The (very many) C-points s G ^s( x qC) are those which survive in the limit, 
i.e. belong to the complexification of no D/Q C S. These are "very general" 
points of S. They correspond to embeddings e s : Q(S) k s C C, in the 



sense that restricting (c 



Xx{a} 



=: Zf gives precisely the complexification of 



C x Q(s) ks £ Z n (X kg ) [base change via e s ]. We write so £ Vs f° r the point 



corresponding to e : Q(S) — > k, so that Z = Z so , Z x k C = Cc 



xx{s } ■ 



3. Background on Leray filtration 

Given Z e Z n (Xfe), the last section yields ( £ x 5/q) and maps 

Z n (X k ) ^ Z n (X x S m ) ^ Z n (X x 775/q) 

sending Z 1 ( 1 (. The restriction j factors through e o X, and so the 

resulting "spread map" 

Z n (X k ) ^ Z n (X x tjs/q) 

sends Z 1— > ^. 

Now let and denote cycle-class maps into Deligne and absolute Hodge 
cohomology (resp.), e.g. see [L2] or [Jal]. (Absolute Hodge keeps track of 
F* and W,, Deligne only F* . They are the same in the [smooth] projective 
case. See §2 of [L2] also for discussion of BBC 9 .) Working modulo torsion and 
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assuming a Bloch-Beilinson conjecture (BBC 3 ) for smooth (quasi-projective) 
varieties, from the diagram 



CH n (X x S /Q )d^Hfr(X x S,Q(n)) 



CH n (X k )^CH n (Xxr ]S/ 



(BBC 9 ) 



'H%(X xr) S ,Q(n)) 



we see that 



CH n {X k ) - tf^pT x rj S , Q(n)) := im(<t>). 

One should think of im(<I>) as the lowest weight part of iJ^. Lewis [L2] con- 
structs on this a Leray filtration (with £° = D D C i+1 ), which 
induces a corresponding filtration 

CCH n {X k ) := V-^CHfi) 

on the Chow groups. So \1> breaks naturally into "graded pieces" 

vl/, : ker(* i _ 1 ) = CCH n (X k ) — Gr l c H%{X x 77s, Q(n)); 

is well-defined for Z G and Z e if * (Z) = • • • = V^Z) = 

0. 

Computation of the Gr l c H]fi (e.g., eqn. (4.5) below) shows that they are 



"controlled" by H 2n ~*(X, 



C 



(e.g., if the latter groups vanish then so do the 



Gr l c ). Writing H/Q C X for a hyperplane section, functoriality properties yield 
a diagram (see [L2, Prop. 5.0]) 



C n+e CH n {X k ) 



[HI' 



C n+e CH n+£ (X k 



0(dimX 



n) 



Gr n c +l H% -H n ~ e (X) 



C — Ti 



Lefschetz 



H n+ \X) 



showing ^ n+e = (for £ > 1). That is, C n+1 CH n (X k ) = f\ i £ i CH n (X k )[= 
if BBC 9 holds]; so only \l> thru \& n are nontrivial maps, and one expects they 
completely capture rational equivalence. 
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In fact, if t(— trdeg(k/Q) = dim S) < n — 1 then only \l/o thru ^t+i are 
nonzero. Writing 

H*(r]s, -) := im {H*(S, -) - H*( Vs , -)} and 

#*(??s> -) := coim {H*(n s , -) -»• if^S, -)} , 
the cohomology of 5 involved in Gr l c H^ is H_ l (r)s) and H_ l ~ 1 (n s ) (see §4). Since 
H t+£ (S) is concentrated (by Lefschetz again) in codimension > 1 (for £ > 1), 
M^ +£ (Vs) = 0; therefore Grf +1 ^ +i H^ 1 = 0. Summing up this discussion of 
"termination" of C: 

Proposition 3.1. For i > min{n, t + 1}, we have Gr i c CH n [X k ) = 0; if BBC 4 
holds, then also CCH n (X k ) = 0. 

Next we explain how this picture applies to the Chow groups of all cycles 
defined /C. To obtain ^ for (filtered pieces of) CH n (X c ) 7 we first define 
(with [L2]) CCH n (X c ) : = Jim C i CH n {X k ) (where the limit is over k finitely 

generated over Q). Taking a limit over all finite-dimensional smooth projective 
S/Q, one has 

% : CCH n (X c ) -> lim Gr l c H%(X x 775, Q(n)). 

S/Q 

tfemarfc. The maps Gr)J^{X x 775, Q(n)) ^ Grjvff^(X x 775/, Q(n)) allowed 
in defining this limit are only those arising from dominant morphisms S' 
S (which correspond to inclusions Q(S) <^-> Q(S")). These maps p* are all 
injective: since they depend on S, S' only up to birational equivalence, it suffices 
to check this for the cases where the extension Q(S') : Q(S) is algebraic or 
transcendental, which are easy. 

If H°(Q e x ) 7^ for some (n >)£ > 2, then the target space of is 00- 
dimensional, as one would expect in connection with Mumford's theorem. We 
briefly remind the reader what this says, and set a couple of conventions for 
later use. For any N e N and base point p G X, there is a map 

S^(X c )^CH- om (X c ) 

N 

Sym N (p l , . . . ,p N ) 1 — > (Pj) -N{p). 

3=1 

One says CH™ hom ^(Xc) is "infinite-dimensional" (over C) if the sequence dN = 
dim<c(im(7T7v)) is unbounded (given a suitable definition of dimension for this 
image, see [LI, Ch. 15]). The following consequence of [LI, Prop. 15.3] is 
nontrivial: 
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Proposition 3.2. <hm(CH n (Xc)) = oo •<=>- no ir^ is surjective. 

Mumford's theorem [as generalized by Roitman] states that H°(Q X ) ^ for 
some i > 2 =^ d N > N =>- [Gr e c ]CH n (Xc) is oo-dimensional. 

We conclude the section with an important description of the groups IP(r]s, Q) 
introduced above. Note that well-definedness is an issue, since different S"s may 
have the "same 775". 

Proposition 3.3. M_ l {Vs,Q) is a (pure, finite-dimensional) Hodge structure. 
In particular, it is well-defined and equal to WiH' l (r] S ,Q) := lim WjH^U, Q) 
(limit over U C S affine Zariski-open). 

Proof. First let U S be affine Zariski open. By [H], there exists an embedded 

resolution of S \ U . This yields S —> S, with b a finite composition of blow- 
ups at nonsingular centers contained in the successive preimages of S \ U, such 
that 6 _1 (i7) = U and S \ 6 _1 (?7) is a normal-crossings divisor (NCD). Since 
H^S) — > if*(& _1 ([/)) = H'^U) factors as t* o b* (or from the description of 
cohomology of a blow-up), im{/J i (5') -> if* (17)} = im^S 1 ) -> H^U)}; and 
by [Del, cor. 3.2.17] (since (S \ ft-^E/")) =NCD) the latter is WiWiU). Hence 
im{H\S) -> #*(£/)} = ^#'(17), and taking a limit gives iFfas) = WiH'fa). 

Well-definedness is a trivial consequence of this descrption, but this uses 
well-definedness of the WiH l (U). One can argue more directly as follows: if for 

some affine U$, S\ - — D U c — >- S2 are Zariski-open embeddings (that is, if 
Vsi — Vs 2 )^ then it suffices to show im(^) = im^) in H l (U ). Now simply take 
the closure (in Si x S 2 ) of the "diagonal" (ii x t 2 )-image of U , and write S 
for a desingularization. The obvious morphisms So -» S, So -» 5*2 then induce 
surjective push-forwards on cohomology factoring the restriction Lq to H l (U ), 
and so im(^) = im(tg) = im^Jj). □ 

Remark. The reader may also wonder about well-definedness of H_ n = im($); 
this follows from remark 4.2 below. 

4. Description of the invariants 

Let Hq be a MHS(=rational mixed Hodge structure), and write He = 
C, W H C = (W Hq) <g> C and so on. Then (see [Ja2, sec. 9]) 



Hom MHS (Q(0),H Q ) = F°W H c nW H Q , £< HS (Q(0), H Q ) = ; M (| 

so that 

(4.1) Hom MHS (Q(0), Hq ® Q(n)) = {F n ^ 2n H c n W 2n H Q } (n), 



10 MATT KERR 

(4.2) E <Jm ,H^ Q( n)) = { ^^.Hc } (»)• 

We will omit the (n) frequently when it is not important. 

To relate ^i(Z) to geometry we first fix notions of cycle-class and Abel-Jacobi 
class for (. There is a diagram of short-exact sequences 

(4.3) 

J n (X x S) Hg n {X x S) 

II II 
Extl as (QCO),^ 2 "- 1 ^ x S,Q(n))) ^* H%{X x S,Q(n)) -5- ffom HHS (Q(0), tf 2 "(X x 5,Q(n))) 



'* 



£ *C S {m),H 2n -\X x T,s,Q(n))) -S- fl^X x r? s ,Q(n)) H otyi mhs (Q(0),H 2n (X x 7?s,Q(n))) 

In fact im("$) im($) im('$) is also short-exact (since ker($) — «■ ker('$), 
see [L2, p. 317]), and equals 

iJom MHS (Q(0), # 2 "(X x 775, Q(n))) =: Hg n (X x 775) 

T p 

] q 

g< HS (Q(0),W-iH 2 "- 1 (^xr ?s ,Q(n))) = . 
^om MHS (Q(0),Gr^H2"~i(Xxr, 5 ,Q(n))) 

Recalling that cn(() = 3>(cx>(£)), we define the fundamental class of the spread 
to be 

[C] := p(c H (()) = 'mMC))} = 'm e Hg n (X x Vs ). 

If this is zero, define the AJ-class in J_ n (X x 77s) by <?[AJ£] = cn((). 
To compute |/4J£], one observes (using [De2, cor. 8.2.8]) that 

[C] = [C] E ker('$) = (J im {Hg n -\X x D) ) ; 

codim. 1 

according to the Hodge conjecture one then expects to be able to modify ( 
"over D" by 77 E N l s Z n (X x S) := U d/ q im{Z n -\X x £))} so that [( - 77] = 
(of course 77 e ker($)). Then [AJQ = "Q[AJ(( — 77)], which can be computed 
by the usual Griffiths prescription (on 1x5). Namely, one integrates over a 
topological membrane (i.e., C°° chain) bounding on ( — 77 (of real dimension 
2t+ 1, written d^iC-rj)). This produces a functional on F t+1 H 2t+1 (X xS,C), 
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which taken modulo periods gives AJ(( — 77). In particular, if dim(S') = 1 and 
dim(X) = 2, then the HC on X x D is just Lefschetz (1,1), so such an approach 
is practical. Moreover, there are plenty of cases (for higher dimensional X and 
S) where one can explicitly write down a homologically trivial choice of full 
spread ( (and avoid the HC). 

Remark 4.1. In general there is no circumventing this "lift" to [a nullhomologous] 
( for computing |/1J£] and its graded pieces (defined below) by membrane 

integrals. While from ( h =t one can obtain a chain <9 _1 C bounding on ( 
mod [chains w./ support on] X x D, the naive idea that this should lead to a 
functional on lim F t+1 H 2t+1 (X xS,XxD; C) [modulo periods] and ultimately 
an element of f\X x 775), does not work out for X smooth projective. 

The situation is different if X is one of the special relative varieties of Part 
2, due to the occurrence of a Hodge-theoretic miracle (see §§7 — 8). The miracle 
(or, if one prefers, catastrophe) produces a very convenient set of test forms 
(for lim D F t+1 H 2t+1 (X x (S, D), C)) to integrate over (essentially) <9 _1 C, namely 
products of [Poincare duals to] certain topological cycles on S and "holomorphic" 
forms on X. Integrating only such forms for ordinary projective X computes 
(in contrast) only quotients of the graded pieces of [AJ£]; but at least these 
quotients are computable by membrane integrals without requiring [Q = 0. 
(The integrals take place on X rather than on S.) This is the idea behind the 
reduced higher A J maps of §11. 

Now referring back to eqn. (4.4), the Ext 1 / Horn quotient (in J n (X x 775)) is 
computed by observing that there is a natural series of maps 

Hom MHS (Q(0), Gr^H 2n ~\X x 775, Q(n))) (-n) = 

ker {F n GrZH 2n -\X x 775, C) © Gr^if 2 "- 1 ^, Q) - Gr™H 2n -\X x 775, C)} 

{F n W 2n H 2n -\X x r, s ,C) + W 2n H 2n ~ 1 (X x Vs ,Q)} n {W 2n ^H 2n -\X x Vs ,C)} 
~* im{F"W 2 n-i# 2n - 1 (* x VS,C) W 2n -iH^- 1 (X x V s,Q) W^-iH^-^X x Vs , C)} 

_^ W 2n ^H 2n -\Xxn s ,C) 

~* F n W 2n ^ 1 H 2n ~ 1 (X x 775, C) + W 2n ^H 2n ~\X x rj s ,Q) 
= Ext 1 ^ (Q(0), W^H 2n ~\X x 775, Q(n))) (-n). 

(Note that W^-iif 2 " -1 ^ x 775) is just im^ 2 "" 1 ^ xS)^ H 2n -\X x 775)).) 

Now let 770 G Z% om (X x S) be a homologically trivial cycle supported on 
X x D; im(Hom MliS ) should contain (and thus annihilate) the image of A J(r) ) 
under J n {XxS) -> £x^ HS (Q(0), W_ 1 H 2n ~ 1 (X x rj s ,Q(n))) . (Intuitively, this 
is why we quotient it out.) The delta-function current 1 5 Vo G Z d ([F n ] 'T^fxxS) 00 ) 

1 See [GH, Jal] for discussion of currents. 
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has two primitives: to G Y{F n 'V 2 ^ s)ao ) and -S K , K G C% p +l {X x S) a C°° 
chain. Their restrictions (f) to X x r/s are d-closed, and give classes in 
F n W 2n H 2n - 1 {X x 77s, C) and W 2n H 2n - 1 (X x 775, Q) (reap.); but uj + 5 k is closed 
on X x 5, and thus has class in W 2n -iH 2n ~ l (X x 775, C). So j*[cu + fc] G 
im(ifom MHS ), on the one hand. But the image of [uj + S/c] G H 2n ~ l (X x S) 
in J n (X x S) = {F t+1 H 2t+1 (X x 5, C)} v /(periods) is just [J^-)] (where 
dK, = 770), which is Griffiths' prescription for AJ(i] ). 

Now ^i{Z) is a class in the middle term of the short-exact sequence 

Hom MHS (Q(0), Wirjs, R 2n ~ l n s ,Q(n))) = Gr^Hg n (X x 77 5 ) 

(45) Gr^pTx 77s, Q(n)) 



T 9 



= G4-V"(X x 775), 



where the fl 2n "V St Q(n) = H^'^X, Q(n)) are constant sheaves. 

Remark. [L2] has Hom MliS (Q(0), Gr^H 2n ~ l (X x 775, Q(n))) in the bottom left- 
hand denominator of (4.5); our simplification follows easily from the Kiinneth 
decomposition of H*(X x 775) and purity of H*{X). 

Define [C]< := p(*i(Z)), and if this is zero [AJC]i-i := g _1 (^(2)). These 
should be thought of intuitively as "Leray graded pieces" of the cycle/A J-classes 
of the spread. One may take this statement literally for but not for [AJ£]j 
since [AJQ may not be defined (unless all [£]_,-, and thus [Q, are zero). In 
fact, for [Qi to be defined, one need only have [(} = ■ ■ ■ = [C]?-i = (not 

* {z) = --- = * i - 1 (z) = o). 

One may also think of ^%{Z) as a "higher normal function", namely an 
H 2n ~ l (X, C)-valued (i — l)-current on S, with infinitesimal invariant (i-current) 
If this is zero then the resulting closed (i — l)-current yields [AJ(]j_i; 
see (10.4). Moreover, in §11 [remark (11.4)] it is shown that an image of 
identifies with the i th Mumford invariant of S. Saito. 

Remark 4.2. Lewis proves (4.4) and (4.5) with 775 everywhere replaced by an 
affine open U C S with S \ U a NCD, and H_ n replaced by the image of 
$s,u ■ H$(X x S,Q(n)) -> Hft(X x U,Q(n)). For the 77 S -versions, it is 
enough to show that the NCD condition can be removed (then take a limit). 
If S \ U is not a NCD, an embedded resolution (as in proof of Prop. 3.3) 

yields S S, (S \ b'^U)) = U a NCD, and H*(S) ^ H*(S). Using the 
Kiinneth decomposition and the short-exact sequence for H^ 1 in (4.3), H%?(X x 
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S,Q(n)) 4> Hl n {X x S,Q(n)); and so $ s ,u ° bf = 3> §u im($ s ,t/) = 

im(<I>£ (y). Everything else in the ^/-versions of (4.4 — 5) is intrinsic to U, so we 
are done. 

5. Some special cases 

Now we shall compute the terms of (4.5) for i — 0, 1 and determine the 
corresponding invariants (to be continued for % > 2 in §§10ff). For % — one 
has (tacitly twisting by (—n)), since Gr^J™ = 0, 

-> Gr° c H%(X x 775, Q(n)) ^ H°(vs, Hg n (X)), 

v 

where Hg n (X) is regarded as constant sheaf. Now ^o(^) i s the function 775 — > 
Hg n (X) given by s 1— ► [Z s ]; since ^o(^) =P~ 1 [(]o, it must be constant (this we 
owe essentially to rigidity of H^ R ) and equal to [Z So ] = [Z\. So ^o{Z) — [Z] 
ajidC 1 CH n (X k ) = CHZ om (X k ). 

Next consider % — 1: noting that the ifom-denominator in the left-hand term 
is zero (as Gr™ H°(n s ) = 0), one gets 

H°(n s , J n {X)) -4 Gr\ti%{X x 775, Q(n)) 

A F™ (^(775, C) ® /J 2n - 1 (X,C))n(^ 1 (77 5 ,Q) ® tf^^Q)) . 

Write V := tf^-^C) D //^(A^Q) =: A, and note that V = F^V , 
J n (X) = pny+x ■ As will be clear from §11 (using (11.1) together with the 
observation that Xi — ^i(Z) is the holomorphic function a : 775 — > J n [X) 
given by s 1— > A/(£ s ). This lifts to a discontinuous function 775 V, that is, 
a ^/-valued 0-current cr G T('V° S (V)). Indeed, Gr\H^ may be identified with 

ker |1 ( ~+ z(^;_ l( A)) + z(^^(y))/ 

1 J r(c| t (A)) + r('P 5 (F^)) 

where Cf (A) are (sheafified) A-valued C°° *-chains, Z( ■ ) means closed sections, 
and F n 'V l s (V) = 'V l s {F n V) +FyV 1 s {V). (Holomorphicity of a =>- d[a] has 

no |# 'X> s (p^y) component.) Hence d[<r] = c+lo gives classes [c] G H}(rjs, Q)<8> 

// 2nfl (A:,Q) and [-w] G F n (tf 1 ^, C) (g) H^'^X, C)) which are equivalent, 
hence the "D", hence = [— = [c]. If this class is zero, modifying <r by 
primitives in the denominator of (5.1) yields 'a with d['a] = 0, thus a constant 
function from 775 — > V a/so lifting a. So AJ(Z S ) = AJ(Z So ) (for all s G 775), 
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and i(Z) lifts to AJ(Z) e H (r] S , J n {X)). Conclusion : if [C]i = then [AJ(] 
is defined and = AJ(Z). 

On the other hand, AJ(Z) is defined whether or not = 0, and so it is a 
nontrivial question to ask: 

if AJ(Z {so) ) = 0, must AJ(Z S ) = for all s? 

While the {Z s } are algebraically isomorphic, they have different transcendental 
geometry, and AJ(Z S ) is an invariant of that geometry. That the answer is yes, 
should be considered fortunate; the same question for m-cycles (m > 0) is open. 
(The answer is expected to be affirmative for cycles algebraically equivalent to 

zero. This is consistent with the case of 0-cycles, since all 0-cycles are = 0.) 

A statement obviously equivalent to the affirmative answer for 0-cycles, which 
we now prove, reads: AJ(Z) = =>- x I / i(C) — 0. 

Proof. We temporarily write "Alb(X) n for J n (X) and u Alb n for AJ, to agree 
with notation in [M] (A J will be written only for curves). 

While A/6-equivalence does not spread a priori, rational equivalence is alge- 
braic and does. For 0-cycles on curves, AJ{W) = =>• W = 0, so we want 
to factor a correspondence giving the identity on Alb(X) through a curve. This 
is done in [M]; namely, there exists a smooth curve C/QCI and correspon- 
dence i E G CH X {X x C/q) so that the top (and .*. bottom) compositions in the 
following diagram are isomorphisms: 



Alb(X) 



Alb 



C l CH n {X k ) 



Gr\H${X x 77c 



■AC) 



AJ 



* Gr\lV H {C x ris) 



Alb(X) 



Alb 



C l CH\C k ) ► C 1 CH n {X k ) 



Gr\H%{X x ns) 



(where we are identifying Gr 1 c H^(X x r)s) with [holomorphic] functions from 
7] S -> Alb(X)). So given Z e C l CH n (X k ) with Alb(Z) = 0, one traces through 



rat 



the diagram to see t E ■ Z = 
=>• ^i(Z) = 0. 



-Z) =0 



*i(t c - l E-Z) =0 
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[Geometrically speaking, applying t E x A s to ( turns the family {Z s } into 
a family {'Z s } of 0-cycles supported on C, with Albx('Z s ) = Alb x {Z s ) (Vs). 

Now Alb x (Z S0 ) = AJ C (% ) = % = >Z S I 

= =s> = 0.] □ 

Remark, (i) • G CH n (X x X) is called the Albanese projector. 

(ii) Owing to the last result we shall call the \&j "higher Abel-Jacobi maps". 



6. Relation to the work of Griffiths and Green 

We want to point out the equivalence of the approach taken here (based 
on work of Lewis) with that taken in [GG3], which considers graded pieces 
of cx>(C) (modulo ambiguities) in lieu of c^(C) [= ^f(Z)]. (This uses a Leray 
filtration on H^(X x S,Q(n)); see the discussion in §10.) What we do here 
is briefly explain, in parallel with the discussion of termination of C in §3, 
why the Griffiths-Green approach also leads to a filtration T GG on CH n that 
terminates at (or before ) the (n + l) st step. A complete proof (modulo HC) of 
the equivalence of T GG and C has appeared in [mS, sec. 1.6] for X defined /Q. 

A cycle Z G CH n (Xk) lies in T % GG if there exists a choice of complete Q- 
spread ( such that c©(C) G C l s H^(X x S,Q(n)). In order to exhibit the 
termination property J r GG 1 = ^Q G k for all k > 0, the following will suffice: given 
C G Z n {X x S/q) with czj(C) G C n s +l H%, we must produce G Z n (X x 
(for some divisor D/qC S) such that c©(C _ Td) = 0. 

The construction of this Yd involves the Hodge conjecture (HC), which never 
explicitly appears in Lewis; that is because it is absorbed into BBC y (in fact, 
HC+BBC BBC 9 ). That is, in the Lewis approach it is a longer leap from 

vanishing of the invariant (cn(() = 0) to rational equivalence (( = 0), while in 
the Griffiths-Green approach vanishing of the invariant (c-d(C) — 0) is harder. 
One produces Yd one bit at a time (modifying ( as we go), first picking off 

[C]„+i thru [Q 2n , then (since now C' ^ 0) [AJ{(')] n thru [AJ(C')]2n-i- As the 
idea is the same for each of these, we just demonstrate it (for one of the [C]n+i) 
in an example. 

For this example, we take X to be a 3- fold (Z a 0-cycle as usual), and of 
course Gr^ c-d(C) = ■ ■ ■ = Gr£ s cv(() = 0. We take aim at [Q4, the graded 
piece of the fundamental class of ( in 

Hg\X x S) n {H 2 (X) ® H\S)}. 

The idea is to take a "cross-section" of ( by a hyperplane section Xh of X 
defined /Q; ( fl (X H x S) is then supported on X(h) x D for some codim.-l 
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D/q C S. This cross-section map may be formulated as a correspondence 

(H x A s ) e CH* {(X x S) x (X x S)) , 
so that the isomorphism of hard Lefschetz is induced by its action: 

H\X) <g> H\S) [H ^ Sl * H\X) <g> # 4 (,S). 

According to the Lefschetz standard conjecture (<= HC + hard Lefschetz), there 
exists a correspondence (H _1 ) (algebraically) inducing its inverse (and inducing 
the zero map in other degrees 2 ). That is, [H -1 ]* = ([H]*) 1 , so the composition 
[H _1 x A s ]* o [H x As]* = id on cohomology H 2 (X) ® H 4 (S) (and zero on 
H l (X) ® H & ~ l (S) for i ^ 2). But because it is "algebraic" (i.e. induced by a 
correspondence), the composition operates on cycles, and is not the identity on 
(. In particular, since already (H x A s ) ■ ( is supported on X x D, 

T 4 D := (ET 1 x As) «H x As) • C) C X x D. 

As cohomology classes, though, 

[T%] = [H- 1 x As]* o [H x As]*[C] = [Ck e H 2 (X) ® H\S) 

and so the modification ( — T A D kills Gr\ s of the fundamental class (of Q without 
affecting either the other Gr l Cs or the complete spread's restriction to Z — 
(n(Ix {so}) (or even to (). Griffiths and Green say such a class is "in the 
ambiguities". 

Part 2. Motivation via degenerate cases 

7. Formal computations for relative varieties 

The results of Part 1 are stated for X smooth projective /Q. We now propose 
to apply them formally to 0-cycles on certain relative quasiprojective X. It 
turns out that the nitrations and maps they predict (for these special X) are 
correct, explicitly constructible, and give insight into the case of X projective 
- which we resume in Part 3. 

Our first special X = (D^cO-p, the "algebraic n-cube", where : = 

(Pi \ {1}) and dO* := \Jj • • • , z n ) G | z, = or oo } . We consider 

0-cycles Z E CH n (0%, 00%), k = Q(S). We will write (D n ,dD n ) for the cor- 
responding analytic variety /C, and ((C*) n , I n ) for the "dual" variety, where 

2 This is not part of the Lefschetz standard conjecture as such, but can be arranged without 
additional assumptions by [Kl]. 
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I™ = \Jj{(zi,..., z n ) e (C*) n \zj = 1} . (One can also think of these two as 
(FUl}, {0,00})™ and (C*,{1})«.) 
There is a perfect pairing 

H 2n ~ i ((□", dD n ), Q) ® H l (((C*)", I") , Q) — > Q(-n) ; 

while 

(7.D ff(((c T j"),Q)^ 

^Y^-dlog^i A • • • A dlogz n j has weight 2n (due to the n dlog's; see 



because 



(2ttv^T) 



e.g. [GS]). The Q(—n) must pair with a Q(0), and so (writing tts : Ix5->5 
as above) 



We emphasize that this is highly peculiar; it has the effect of giving H*(f] S ) 
where one would expect (were X smooth projective) H_*{Vs) m the \l/„-target 
which we now compute. 

The mixed Hodge structure H n ~ 1 (r] S ) has weights (in general) from {n — 1) 
to 2{n — 1); therefore H n ~ l {j] Sl Q(n)) has weights from —{n + 1) to —2 so that 
W_i is everything and Gr™ = 0. Similarly, W H n {r] S , Q(n)) = H n (r] S ,Q(n)). 
Applying this reasoning to (7.1) with X = (D n ,dD n ) 7 one has 



Gr l c H%(Xx Vs ,Q(n)) = for 



n, 



Gr2Hg n (Xx Vs ) * Hom MHS (Q(0), H n ( Vs ,Q(n))) - F n H n ( Vs , C) nH n (r, s , Q(n)), 
and 

Gr^^) - *< HS (Q(0), ^( W ,Q(n))) - F .^- 1( ^c7|^ C) 1(7? , Q(re)) 

* i7 n_1 (?75,C/Q(n)). 
So the formalism predicts a map ^ from Cif n (D^, to the middle term of 

(7.2) H n -\ V s, C/Q(n)) ^ flSfas, Q(n)) ^ F n H n (r)s, C) n JTfas, Q(n)), 

such that = [C] (and if this is zero = g[A7C]). 

Next, in order to get a more interesting Leray filtration, we take X = 
(P^, {0, oo}) n - a product of "degenerate elliptic curves". This serves as a tran- 
sitional example between (□", dD n ) and products of smooth projective curves. 
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For fixed i, let (5™ denote the set of strictly increasing functions a : {1, . . . , i} 
{1, . . . , n}, which we may also think of as a choice of i indices 

1 < <t(1) < ••• < a(i) <n; 

obviously = ^\y a ■ To each a G (5™ corresponds a projection 

1Xa . (c*)» - (os 

and these induce maps on cohomology (twisted to have weight 0) 

iT ((^{Coc})"^)) - © CT (A CT dlogz> ^- ©^((P^^oc}) 1 ^)) 

where A CT dlogz := dlogZo-(i) A • • • A dlogz^i) and © CT is short for ©o- e e™- 

Let [A°"dlogz] v be a functional evaluating (for each a') to 5 a(T i on [A CT 'dlogz]; 
(A CT dlogz) v will denote the Q-vector-space it generates. The last map dualizes 
to 

(7.3) 

H 2n-i ( (p l ? {0; oo}) n ! Q(n _ •)) ^ ^ (A CT dl0gz) V ^ © CT /P ((P 1 , {0, Oo})\ Q) 

(also weight 0) so that [for X = (P 1 , {0, oo}) n ] 

# 2 "~V 5 ,Q(n) = Q(i) © i? 2n -V 5 ,Q(n - i) = © CT Q(z) © (A CT dlogz) v 

Twisted by Q(i), (7.3) induces the top = in the following diagram, in which we 
are also (formally) applying functorial properties of the D (proved in [L2]): 

(7.4) 

Gr^n ((P 1 - {0, oo})« x Vs , Q(n)) -=U © ff Gr^ ((P\ {0, oo}) 4 x 775, Q(i)) 

T *i(n) T ©,r*i(i) 

£CT"((pi,{0,oo})") ®H* Qe&CH* ((P£, {0, 00})*) . 

This says that ^(n) factors through © ct (7T(t)*; combining this with the expec- 
tation that is injective, we have formally that 

C +1 CH n ((¥l,{0,oo}) n ) = ker(* i (n)) = ker{®aM*} 

consists of 0-cycles whose projections to "i-faces" (P 1 , {0, oo})* are rationally 
equivalent to zero. This obviously does give a filtration, and we expect maps 
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(7.5) 

tf 4 : Gr\CH n ((Pi, {0, oo})«) — flj,^, Q(i)) ® ((P 1 \ {0, oo}) B , Q(i)) } V 

(or equivalently, to ® a H^,(r)s, Q(i))) by a calculation similar to that done above 
for (□ n ,<9D n ). 

8. Enter the Milnor regulator 

We now explain how maps agreeing with the predictions of §7 are obtained; 
we remind the reader that all Chow, cycle, and X-groups are ®Q (modulo 
torsion). 

Let Z{S} := the free abelian group on the set S, and Q{5} := Z{5} <S> Q. 
The map 

® n Q{k*} — > Z n {U n k , dUl) [{a} := a x <g> ■ ■ ■ <g> a n h-> (a 1; . . . , a n ) =: (a)] 

descends to an isomorphism (taking the quotient by Steinberg relations ®Q on 
the left and rational equivalences ®Q on the right) 

K^(k) — + Ctf»(qj, SD2) [{a} := {a 1; . . . , a n } ~ ((a u . . . , a n ))\. 

Remark. By normalization of Bloch's higher Chow complex, this reduces to 
K^f(k) = CH n (Speck, n); proof of the latter (the essential step is Suslin reci- 
procity) may be found in [T]. 

Suppose (Vi) fi I— > Oj (i.e. f i— > a) under the embedding e : Q(S) ^ k [C C] 
given by evaluation at G 775, and let Z = (a) = (e(f)). Then £ is the graph 

[closure] of f x <g> ■ ■ ■ <g> f n over S, 7? C Z n , <9D|) x sj . Writing 7f = C for 

its restriction to (D^, <9D^) x 775, the spread map 

CH»(m,an® $ CH n {{u^dui) x 

sends [((a)) =] <(e(f))> ~ < 7f > . 

Lemma 8.1. [Kel] T/iere exists a regulator map 

K: K^(Q(S))^H^( Vs ,Q(n)) 

such that (referring to (7.2)) p(1Z{f}) = [ 7 f] and (if this is zero) q(AJ(jf)) = 
K{f}, for suitable determinations of [ 7f ] G F n H n (r] S ,C) n H n (r) S , Q(n)) and 
AJ( lt ) e H n - l (r, s ,C/Q(n)). 
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If we assume this, taking ^ :— TZo e _1 o makes good on our prediction 
from §7, since then (for Z = (a) = (e(f))) 

(potf)(Z) =p{(noe- 1 ){ a }) =p{TZ{i}) = [ 7f ] = [C], 

and so on. 

We briefly (and somewhat roughly) summarize the computation of pyf] and 
AJ(7f) involved in the construction of TZ (from [Kel]). The idea is that 7 f gives a 
topological 2t-cycle essentially on (C*, {l}) n xS re i, where S re i := lim (S, D). 

>D/®CS 

Moreover each (C*,{1}) factor has a fundamental domain (ID), {1}) obtained 
by cutting along R~, endowed with a C°° homotopy : D x [0, 1] ^ C* 
contracting D to {1}. One may lift 7f to Tf on (D, {l}) n x S re i, then "suc- 
cessively" contract (D, {l})-factors. Under this "total homotopy" Tf traces 
out a (2t + l)-chain T f (on (C*) n x S) with dF t = 7f - (S r ) n x T f , where 
Tf := 7f S {7f fl (R~ x • • • x R~) x S}. (We ignore the rest of the boundary, in 
particular that supported on S re i x P.) 

Now write Vl n := A n dlogz = ^ A • • • A this generates cohomology of 
(C*, {!})"■ We may define the fundamental class of 7f as a functional 



tt n A7V*(-) 



It 



e{H 2t - n (S rel ,C)} v ^H n (r]s,C), 



which identifies with [integration 3 on S against] the holomorphic current 
A n dlogf =: Qf or equivalently (using T f and Stokes' theorem) (27r^/— T) n ^T r 
We write 



[ 7f ] = [fi f ] = [(W-W G F"iJ n (^,C) n JTfas.Qfr)). 

If this class vanishes then T f = 9// (// a (2t — n + l)-chain®Q) and T' f : = 
Tf + (S' 1 )™ x /i =>- dF' f = 7f. Accounting for ambiguity in choice of /x, define 



AJ( 7f ) 



r' 
1 f 



n n att*( 



{g«-"+ 1 (greZ,C)} V 

im{iJ 2t _ n+1 (5 re/ ,Q(n))} 



= (»7s,C/Q(n)). 



It is computed by the Milnor-regulator current Rf + {2^l^J^-[) n 5^ =: R' f G 
ZdC^; 1 ), where 

n 

i? f := ^(±27rv /Z T) i log/j-dlog/j-i A • • • A dlog/ n • *r /i n...nr /j ._ 1 
j'=i 

(and 7) := / _1 (R-), ± := (-l) n_1 )- We prefer to view R' f as a C/Q(n)-valued 
functional on topological (n — l)-cycles (®Q) avoiding D (rather than forms 

3 (e.g., of forms compactly supported away from some D in the limit) 
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compactly supported away from D). This allows us to discard the membrane 
term. Finally, a technical point: to completely describe 1Z (and thus one 
needs a Deligne-homology description of H^,(r]s, Q(n)), or the description below 
in §9; then (see [KLM, Sect. 5.9]) we put TZ{i} = ((2iry/=l) n T f , Q f , R f ) . In 
terms of our formal analogy to the theory of Part 1 and the = 's of §7, we have 
the following 

Conclusion. If Z = (e(/i), . . . , e(/„)) G Z n (D%, then 

[C]„ = pr] = [(27r>/=l) n T f ] G Gr n c H£ ((LT,9LT) x % ) , 
and if this vanishes 

[AJCU-i = [Rf] e GrT x r ((□", 3U n ) x 775) ; 
in other words ^f(Z) = 7Z{f}. 

Remark 8.2. (i) There is a natural generalization of this to higher-dimensional 
cycles on the n-cube, to the effect that the one nontrivial higher AJ map \& (= 
^2 P -n) is computed by the composition 

CH*(nZ,dn£) - C7P(Specfc, n) ^ C^(775,n)3^-n (?75)Q(p)) 

where f lZ are the A J maps of [KLM]. (See [Ke3] for examples.) 

(ii) The isomorphism S : K^(C) ^ Cif n (D n , cO n ) (where we have taken 
the limit over k C C) gives a concrete demonstration of the Mumford(-Roitman) 
theorem, since the map tc n : S w ((C*) xn ) -> if^(C) fails to surject for all N 
(there are always elements of Kff(C) that cannot be presented as a sum of < N 
symbols). A warning in this connection: that K^f (C)[<S>Q] is an oo-dimensional 
Q- vector-space is irrelevant (as such), since the oo-dimensionality which inter- 
ests us is essentially /C. After all, the Jacobian of any curve (g > 1) contains 
Q- vector-spaces of arbitrarily high dimension; simply choose algebraically inde- 
pendent generators G C 9 (which are also independent of the period vectors)! 

We give a more terse description of the for X = (P^, {0, oo}) n , starting 

with tt n . First recall OCE n ((P*, {0, oo}) n ) := {>K a )*Z = (Vcr G &U) } 

Lemma 8.3. C n CH n is spanned by n-box cycles of the form 

Z = B{a) = B(a u . . . , a n ) := ((ai) - (1)) x • • • x ((a n ) - (1)), 

Oi G fc*. T/ie map S n : K^f(k) -> £ n C# n ((P^, {0, oo}) n ) ozwen % {a} i-> 
(B(a)} , «s an isomorphism with inverse sending (('a)} i— > {'a} (since all symbols 
involving a "1" are trivial in Milnor K -theory). 
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Example. The 2-box cycle B(a\, a 2 ) = (ai, a 2 ) — (1, a 2 ) — (ai, 1) + (1, 1). Cycles 
of this form generate the Albanese kernel in CH 2 (P 1 x P 1 , {0, oo} x P 1 U P 1 x 
{0,oo}). 

Proof, (of Lemma): See [Ke3]; here we just point out why S„ surjects. Using 
the norm in Milnor i^-theory, one can modify Z G C n CH n ((P£, {0, oo}) n ) by a 
rational equivalence so that the coordinates of its points lie in k* (rather than 
some algebraic extension). Then one uses the fact that its face projections are 

rationally equivalent to zero to get Z = Z + J2j <n ( — l) n -J ' Xl -e6 ri (^°")*^ = 
B{Z). Here Tr^ : (C*) n — > (C*) n denotes the internal projection corresponding 
to 7r CT ; e.g., if 7r CT (zi, . . . , z 5 ) = (z 1 , z 4 , z 5 ) then n c (z u ...,z 5 ) = {z u 1, 1, z 4 , z 5 ). 

□ 

An n-box cycle Z = £>(e(f)) spreads to an n-box graph ( = B(jf) G 

Z n ((P^, {0, oo})™ x n s ) ; one checks that [C]o = • • • = [C]n-i = and [C] = [C] n 

is computed by [Qf] . Using homotopies one constructs a topological chain Tf 
having T f as a component, which satisfies dTf = B(jf) — (S* 1 )" x T f . (Here 
we do not ignore boundary at I™ x S re i, since this is B(jf) \ 7f!) As before one 
computes AJ(B(jf)) (if [(] = 0) by integrating f rB Q n A vr^(-) (plus membrane 

term); but as the only nonzero contribution comes from T f , [AJ(B('jf))] n -i is 
just given by [Rf] after all. See [Ke3] for details. 

So for (Z) = S n (e{f}) G C n CH n , c v (() = TZ{f}; and we write # n for the 
composition 

C n CH n {(Fl,{0,oo}) n ) ^ K™{k) ^ K™{Q{S))^Hl{n s Mn)). 

— "n 

To construct the remaining "^j", we need the following 

Lemma 8.4. (%) DCH n ((P£, {0, oo}) n ) «s generated by "i-box" cycles of the 
form 

((ai) - (1)) x • • • x (( fli ) - (1)) x (oj+i) x • • • x (a„) 
(written in any order), where the aj G k*. 

(ii) Gr l CH n ((P£, {0, cx)}) n ) -> © CTGS « ^ m (A;). [TTie above "i-box" would 

e CT (7r CT )* 

6e sent to {ai, . . . , a«} m one ©-factor, m £/ze ot/iers.] 

Proof, keys are Suslin reciprocity (in the form proved in [Ke2]), some combina- 
torial considerations (see [Ke3]), and a norm argument. □ 
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Now consider the composition 

G4CT"((Pi,{0,oo})») ^ ffi„£'CH < ((Pi,{0,oo}) i ) 



one can argue (by combining a diagram like (7.4) with the argument for fy n ) 
that on cycles of the form described in Lemma 8.4(i), this computes the i th 
Leray component of c-p of the spread. We label this with the caveat that 
one needs injectivity of 1Z [=BBC in this context] to get ker^j) = C t+1 CH n . 
Referring to (7.5), we can be more precise and write 

(8.1) 

%(Z) = J2 ^{f CT }®[A CT dlogz] v G^(r ?5 ,Q(0)®{^((P 1 \0,oor,Q«)} V , 
where {f CT } = (e" 1 o -r 1 o (tt ct )*) (Z). 

Remark 8.5. BBC on X (not to be confused with injectivity of TV.) means that 
C 2 CH n (X k ) should be zero when k = Q. Lemma 8A(ii) shows that this holds 
for X = (Pi {0, oo}) n since K t M (Q) = for % > 2 (see [R]). 



9. Interpretation via differential characters 

We return to the case X = (n*,dO*), with Z = (e(f)) e Z n (X k ) and 
C = 7f £ Z n [X x t]s/q)- Up to this point we have presented Tl{f} = ^(Z) = 
cu{Z) G H£,(r)s,Q(n)) as an algebraic means of collecting [Qf] = [(} and [Rf] = 
AJ(() into a single object. We now give a geometric description of this object. 
In what follows, D refers to some codimension-1 subvariety D/Q C S (in the 
limit defining rjs and S re i); when dealing with 7f, Rf, etc. it is assumed that 

^ u (./;•) . 

A (holomorphic) differential (n — l)-character on S\D is for us a functional on 
cycles C G Z t °^ l (S\D) with the following property: when C = d/j, on S\D (i.e., 
H is compactly supported away from D), the functional reduces to a membrane 
integral f f2 (for some holomorphic form Q on S\D). The group H^,(rjs, Q(?i)) 
can be described in terms of currents as 
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(9.1) 



ker i rW; 1 ) A z A^sL 



Z(F"'V^ s )+z[c^ l n (Q(n))) 



dr('^- 2 ) + r (^t e Ui(Q(n))) 



(Here 'T^s\d := '^s /{currents supported on D} ; while Ci S ' D ^ : = 
Cf /{chains supported on D} .) Thus a current i? representing a class in 
satisfies d[R] = Q + (27T\/^T) n (5^ (on S \ D, i.e. modulo currents supported 
on D). Such an J*, , i? defines a C/Q(n) -valued dif ferential character, since 

j^it! = J^fi + (27rV=l) w #(Ai n /C) = /„fimodQ(n). 

Proposition 9.1. TTie current Rf computes the class 7Z{f} G H£,(r)s, Q(n)). 

Proof. That i? f Gnumerator of (9.1) follows from d[i? f ] = f2 f — (27r v / — T) n ^T f (on 
775). In the Deligne homology description of H£,(r)s, Q(n)), essentially 4 

ker [Z (c&(Q(n))) © Z{F"'V^) © TC^; 1 ) £ Z('Z3» )} 



1m 



r (^_Ui(Q(^))) ©r('P«-2) ^ num} 



7Z{f} is taken to be the class defined by ((27ri) n T f , f2 f , i? f ). But this description 

maps isomorphically to (9.1) simply by sending (T,Q,R) [in the numerator] to 

R. " ..... ^ 

There is a more interesting perspective on why Rf gives a differential char- 
acter. Given C G Z^ X (S \ D), write f(C) for the (n — l)-cycle Px(P5 X (C)) on 
(C*) n . (This f(-) is actually defined on any element of Cl° p (S \ D), chains com- 
pactly supported away from D. One should note in analogy to Remark 2.1, 
that p x o (ps)" 1 really means Y.i m iPx (Ps) -1 -) 

Ctoim. 3 T c G C* op ((C*) n ) such that <9r c = f(C) (mod IP), and / Fc AMlogz = 
J c -Rf (mod Q(n)). [Note that changing the choice of T c (by a cycle) only alters 
| rc fi n byQ(n).] 

In other words, J c Rf can always be computed by a membrane integral, only 
on X (rather than 775). The claim is key to understanding how the form 
AMlogz = Q n (and thus H n {X)) controls rational equivalence. Assuming it, 
if C = dfx then setting T c := f(/i) =>• / c i? f = / Fc fi„ = f f(p) fi„ = fi f , as 

4 here D(a, 6, c) = (d[c] — 6 + a), and in the denominator D(a, c) = (—9a, 0, d[c] + a). One 
really needs currents with log poles here (and a reduction-to-NCD argument); e.g. see [KLM, 
Sect. 5.9]. 
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desired. To prove the claim, we recall the "total homotopy" described above as 
a 

Lemma 9.2. 3 map 9 : C* op ((C*) n x S) ^ C^i ((C*) n x 5) respecting sup- 
port over S and satisfying <9(0(r)) = r — 7r s {r fl (IR - )™ x S 1 } modulo chains 
supported on S x P. 

Proof, (of Claim): We abuse notation, writing p^ 1 for t o p^ 1 . Now p$(C) = 
7f fl {(C*) n x C} is (n — l)-dimensional, while (R~) n x S has codimension n. So 
a{9(p 5 1 (C))} = p s x (C), and6(p^ 1 (C)) is (compactly) supported on (C*) n xS\ 
D. Set T c := ir x {Q(p-\C))}; clearly dT c = n x {pf{C)} = f(C) on (C\ {1})". 
That f Q n = J c Rf follows directly from the computation that produces Rf in 
[Kel]. 7C □ 

For n = 2, we give pictures of f(C) [=boldface loops] together with the "canon- 
ical" choice of Tc (from the above proof), for two different C G Z t ° p {S\D). The 
C's in question are just loops around components of |(/i)| and |(/2)| Q D. 



z l 

ir 








o — 


-1 

\ 


T 1 

i 

1 


H 








1 








00 









X 



Now take X = (P 1 , {0, oo}) n , (Z) e DCH n {X k ). In keeping with (8.1), we 
can see 

%(Z) =J2[Rf«® [A <T dlogz] v 

as a formal sum of C/Q(i) -valued differential (i — l)-characters. Taking Z to 
be of the form described in Lemma 8.4(z), A'Mlogf = (Ver e 6™_x) owing 
to cancellations; equivalently ="[C] i _ 1 ":= J2a<=e n _ [A ff dlogf] <g> [A CT dlogz] v . So 
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[C]i-i* := (ps)*o(p x y : [F i ~ 1 ]H i ~ 1 ((C)") - if ^ fas) is zero; hence [C]i-i. := 
fax o (P5)- 1 )* : #*-ifas,Q) - //i-i((C*)",Q) is zero also: given C G 
D), there exists Tc G C* op ((C*) n ) bounding on f(C). A straightforward argu- 
ment then shows f c % = / e(Wff(p -i (c))) ^ = / w<r(rc) ^ = Jr c A CT dlogz (mod Q(i)). 
Consequently 



*i(2:)(C) = [ A<Tdl °S z ® [A CT dlogz] v 



nn{^((C-)»Q«))} -® ffC/Q(,) ' 



/ rc w im{^((C*)»,Q(i))} 

and ^i(Z) may be viewed as one differential character taking values in a vector 
space modulo a Q-lattice. This is the point of view we will generalize to X 
smooth projective. 



Part 3. Concrete description of the invariants 

10. Reduction of the target spaces 

Once more take X/Q smooth projective fa = dimX), Z e Z n (X k ) such that 
(Z) e DCH n {X k ), and spread Z out to get C e Z n {X x ns/q). We want 
to compute ^i(Z) = Gr % c cn{(,)] but in general the target space Gr l c H]j^(X x 
Vs,Q(n)) can be complicated, and difficult to describe geometrically. 

That is in stark contrast to the relative cases considered in Part 2, for instance 
X' = (P 1 , {0, oo}) n [with dual X' = (C*) n \. Since F n - i+1 H 2n - i (X', C) = 0, ra- 
tional equivalence was "controlled by" the rather simple object j^-i+i H 2n ~ l (X') 
[or dually by [F^H^X')}. 

One naturally wonders whether neglecting ji ln -' l + 1 H 2n -' l ^x, C) [7^ 0] in Gr l c H^ 
markedly simplifies its presentation. The answer is yes, and the resulting invari- 
ants Xi(Z) (quotients of ^i(Z)) turn out to be differential characters. These are 
computed by membrane integrals on X (different from Griffiths's prescription; 
see Remark 4.1). The caveat is that they only capture rational inequivalences 
"regulated" by holomorphic forms on X. 

The following notation is good for the rest of the paper. Set 

A := H 2n -\X, Q) , V := A <g> C = H 2n -\X, C) , 
and note that V = F^V . Also let 

V :=V /F n - l+1 V = {F l H\X,C)Y , A:=im|A^ \/} = A /ker(j) , 
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and remark that diniQ A > 2 dime V (usually > holds). We now explain how to 
take the appropriate quotients of Gr l c Hg n (X x 775) and Gr 1 ^ 1 J"(X x 775), then 
finally Gr^Hff. 

Reduction of Gr i c Hg n (X x r] S ). Set 

H% n := W( Vs ,Q)®H 2n -\X,Q), H% := W 2n H$ = W{r] S , Q) ® H 2n -\X, Q). 
Referring to (4.5) and (4.1) (omitting the twist), 



(10.1) Gr l c Hg n {X x 775) = ffom s 



,#ar®Q(n)) =F n H_l n nH$. 



It is worth noting that this maps injectively to 

H$ = Hom Q (Mi(ris,Q), Hi(X,< 

where one thinks of H_ i (r)s,Q) — coim {H^rjs, Q) — > ^(5, Q)} as topological 
cycles on 5 1 , which can be moved (in their class on S) to avoid an arbitrary [not 
necc. irreducible] divisor D/Q C S. 

Now observe that F n H^ = El=o ^^(^ C ) <g> F n - k H 2n ~\X, C); writing 

F™- l+1 H^ n := W{r]si £)®F n - i+l H 2n -\X, C) , W c : = (F%- i+1 H^ l )n(F n Hl n ), 

we have 

= F^fo, C) ® 1— ^iJ 2 — (X, C) =: J^Tfas, V). 

(Note that FVJTfas, C) = F i H i {S, C).) The reduction is then achieved via the 
composition 



ker {F n # 2ri © -> # 2n } 



(*) 



, f /-' //-V iff' H} n \ 



ker 



77 2 n 



1 = 



T-in — i + 1 



" 1 



ker{F^(775,^)©^(775,A)^^(r?5,^)} = ■F i H i (r] S , V) fl FPiVs, A), 
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which may also be expressed as a map 5 

: GrlHg n (Xx Vs ) - Hom c {F t H\X,C),F i H i (7 ls ,C)}nHomQ{H i ( Vs ,Q),H t (X, 

This time injectivity of the map (from the r.h.s.) to the Home piece is what 
shall be useful. 

Remark 10.1. (i) Write F^IP(r)s,Q) for the largest sub-Hodge-structure of 
H?(Vs,Q) H F l W(7 ls X); this is zero if [Grothendieck's] GHC holds. Since 

ker(*) C \^F k W(r] S X)®F n - k H 2n -\XX^^H^ 

we expect (*) is an isomorphism; but we won't assume this. 

(ii) By contrast (provided V ^ 0), {FVZFfas, C) <g> V) n Q) ® A} 

is not contained in {F l H_ l (r)s, C) n iP(77s,Q)} <8> A (which is zero), essentially 
because dim^A > dime V (and so similar reasoning does not apply). So the 
target of '4>i is certainly nonzero. 

Reduction of Gr^X^X x r) S ). Now let 

H 2 ^ 1 := /T- 1 ^, Q) ® H 2n -\X, Q) , tfg 1 " 1 := W^ff J" 1 . 

From (4.5), (4.2) (omitting the twist), and the description of the Ext 1 / Horn 
quotient (in §4), 

rr *-i rrx x „ x ggk (Q(Q)^-i(gr^QH)) 

£ - 1 ™ im {Hom MHS (Q(0), Gr?(H^ Q(n))) } 
~ im{tfom MHS (Q(0), (Gr^tf?- 1 ) ® Q(n)) } 

rr2n-l 

^ ±±£ 

~ IF®' 1 + F-H^- 1 + {W 2n H 2 ^" 1 + F n W 2n Hl n ~ 1 } n H^ 1 ^ 1 



(10.2) 



(since W^q-'^q- 1 ). 
Next one notices that 

i-1 

F njj2n-i = J2F k H i - 1 (r) S ,C)®F n - k H 2n - i (X,C) 

k=0 



5 here Hi(X,Q) :=Poincare duals of A. To get a (sort of) feeling for what this looks 
like: in a situation where the unamended GHC (in general false, see [LI]) holds, this is 

YCX(codim. 



lim.,_ .. coker{H i (Y,Q)^H i {X,®)} = coim{H i {X,Q)^H i {X rel ,Q)} 



HIGHER ABEL-JACOBI MAPS FOR 0-CYCLES 29 

Q H i - 1 (r) S ,C)®F n - i+1 H 2n - i (X,C) =: F^ l+l H^ l -\ 

Similarly, 

i-1 

F n W 2n H 2 *- 1 = ^2 F k W i H i ~ l {ris, C) ®c F n ~ h H 2n ~ i (X, C) 

fe=0 

C WiiF" 1 ^, C) ® c F n ~ i+1 H 2n ~ i {X, C) 
= Wi^-^^, Q) ®q F^H^iX, C), 

hence 

{^ 2ri ^"" 1 +F"^ 2n ^n-l }n ^2n-l Q 

WtH'-^ris, Q)® Q {H 2n ~ l (X, Q) + F n ~ l+l H 2n -\X , C)} 

n Wi-ifP- 1 ^, Q) ®q # 2n "*(x, c) 

C M"" 1 + F"- i+1 ^ n_1 



rj2n-l 



X ±±C 

We write our conclusion as a projection 



^ 1 (^5,Q)®^ 2n - J (x,C) 



Tj2n— 1 I zpn— i+1 Tj2n—1 

Mjq + fx iLc 



H'-^rjs, Q) ® # 2 ™-*(X, Q) + /T^fas, Q) ® F n ~ i+1 H 2n ~ i {X, C) 

# 2n -*(Jsr,C) 



= iJom (j/^fas.Q), H 2n-i( X , Q) + F n-i+l H 2n-i( X: Q , 

= HomiH^SiQ), {W(X,C)} v /im{^(X,Q)}) 

Reduction of Gr l c H^(X x r] S ,Q(n)). Define a complex of sheaves in the 
analytic topology (on 5c) 

A{i} c := A 5 <g> V -> ^5 (8) V -> ► f^" 1 <g> V -> 

(where A = constant sheaf placed in degree 0), and set 

if;(S,A{0):=H*(S,A{i}2>). 

One may define similar groups for rjs via a Deligne-Beilinson approach (as in 
[EV]); and we write 

H*,(r, s , Hi}) ■= im{fl£(S, A{t}) - H* v (t,s, A{i})} ■ 
By a standard argument one has a diagram (with exact rows) 
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W~\S, V/A) — HUS, A{*}) — ker { (J^g ^ - /P(S, V) } ► 



- H*-\ Vs , V/A) — tf^s, A{*}) — ker | (^^[^ - l^fas, V) } ► . 

Here V is treated simply as an abelian group (and ignored by the Hodge filtra- 
tion). Since ker {H^S, A) -> #*(S,y)} and ker{F*/P(S, F) -> F i H i (j]s, V)} 
are both zero, a is injective. It follows immediately that the top row of the 
following (where we have not yet defined (pi) is exact: 

(10.3) 

o^w-\ Vs ,v/A) m(ns,A{i}) F'wins^niPins^) 

"<t>i-i T <f>i T '<f>i T 

O^Grjr^Ix^) -i* Gr^(I XJISl Q(n)) — Gr^Hjf^X x r? s ) - 



One notices a formal similarity between the top row, and the situation [X = 
(P\ {0, oo}) n , V = © a C, A = ©^tt^Q] in Part 2; but the restriction on the 
weights (e.g., W~ l = constitutes a substantial difference. 

The bottom row of (10.3) admits a Deligne-homology-type presentation, namely 

(10.4) 

\ dr(cg_ i+1 (A)) w dr(F« '©jr 1 W) drCDj-^v)) J 
A^num) 

J P 

ker{z(C$UV)®Z(F n 'V* s (V))®T('V* s - l (V)) Z Z{'W S {V))} 
JVVH + im|r(C|_ m (A)) ©r(F«'^- 1 (\/)) ©r('P!7 2 (\/)) -> num} 

z(^- 1 (\/)) 

dr('D*r 2 (y)) + {^rcp^- 1 ^)) + wf r(c 2t _ m (A)) + wf r^'P^- 1 ^))} n num 
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(see notation 6 below). We explain how to derive the middle term below. 

On the other hand, a (less horrible) differential-character-type presentation 
of (10.3) 's top row will serve to motivate and guide the discussions in §11 and 
§14: 

(10.5) 

1rrr f J?(c|U(A)) ffi7 (F i "D* (V)) -> zyv^v)) ] 

Ker \dr(c 2 V 1+1 (A))+7vi(„ U m) WZj y r s u sK v )) d r(>v> s -^v))+mz(cg_ t (A))j 

T P 

dT{'V^{V)) + N^i'V^iV)) n num + r(Cf t _ l+1 (A)) 

T q 

z{'v i s - l iy)) 

dT('V^(V)) + WZ('V$-\V)) + Z(Cg_ i+1 (A)) 



where p is obtained by taking d. To obtain 0, in (10.3), simply send (C,Q,R) 
in the middle term of (10.4), to (R) in the middle term above. 

We sketch an argument for the middle terms of (10.4) and (10.5) above; 
the outer terms (and proving exactness) are more straightforward and left to 
the reader. First recall that H^(X x S,Q(n)) may be computed as the 2n th 
cohomology of the [Deligne homology(= T>H)] complex 

C' V {X x S, Q(n)) := {r(C^ t) _, ® Q(n)) © T{F n >V XxS ) ® T{'V^ S )) 



"Notation: here "D* S (V) denotes V- valued currents (and so forth), Z{- • • ) is closed sec- 
tions, and "num" means numerator. When working with F-valued currents, the Hodge filtra- 
tion is conscious of V, e.g. F n "D%(V) = J2k( F (s) ' V s) ® ( F (x) k V)~> whereas in (10.5) V is 
treated (as above) as a C- vector-space, FL "D^V) = {F l "D^) <g> V. 

The N lj s work as follows: let Kg, Ms be groups of global sections of currents or chains 
on S (including direct sums and kernels). Then ^(Ks) denotes sections supported on any 
codimension 1 D /q C S, so that in particular N 1 {kei(Ks — > Ms)} = ker{N 1 (Ks) — > Ms}. 

In contrast, define 7V 1 {ker(if s -> M s )} := Urn ^ im (ker{K 3 -> Mg} ^ ifg) , where K 5 
and Mg are corresponding objects on a normalization of D. (Strictly speaking, since an 
arbitrary D has non-normal crossings, we must actually take D to be the normalization of 
the preimage of D under an embedded resolution b : S — > S as in the proof of Prop. 3.2; M 
is then the composition D — > S — ► 5 , which still has image in codimension 1.) 

Finally, M / i s r(- • • ) means sections closed on rjs (i.e., mod TV 1 ) such that the image in 
H*(r] S ,C orQ) lies in W*. 
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of abelian groups, with differential D(a, b, c) = (— da, — d[b], d[c] — b + 5 a ) and 
where C (resp. 'V) denotes C°° chains (resp. currents). Multiplying a, b, c by 
^ti-v^T)" ' we ma ^ om ^ the Q( n ) twist in the first ©-factor (for computational 
purposes). 

Denote by C£, x the subcomplex consisting of products of chains (resp. cur- 
rents) on S and X (for example, r( / £ ) ^ x 1 5 ) is replaced by YLj+k^-i^C^s) ® 
r('T>x))- The inclusion Cp x CJ, is a quasi-isomorphism, and x admits 
an obvious filtration £* on each term, e.g. 

4c? x = {fe r ( c '^)® r ( c f)) ® fEE r ( F "^)®r(F^'^') 

I Vi>i / \j>i t 

Y,n'^ s - l )®n'v 2 r ] ) 

If we set 



(10.6) C 8 H% (X x S, Q(n)) := {ker(D)C£^ x } 

then $(£ l 5 #|, n ) = DH${X x 775, Q(n)). (One has "=" and not just "C", be- 
cause the maps of graded pieces are surjective.) In words, the Leray filtration 
is represented by £> if -triples of the form (£\ C l , C l ~ l ) in degree 2n modulo 
coboundaries coming from (C 1-1 , C l_1 , C l ~ 2 ) in degree 2n — 1. Straightforward 
(but tedious) arguments with £> if -triples then show that the middle term of 
(10.4) without the N 1 , is equal to Gr i Cs H^ l (X x S,Q(n)). 

Now arguing for the normal-crossings case (replacing 775 by S \ D, D/Q a 
NCD), one has an exact sequence (e.g., see [mS]) 

H% XxD (X x S, Q(n)) A x 5, Q(n)) - x (S\ D), Q(n)) - 

(where ii^ is im{ifp — > H-^}). It follows from work of Deligne 7 that H 2n ~ 2 (X x 
£>) -» W 2n H'x l xD (X x 5), hence that one may replace a above by H^~ 2 (X x 

.D, Q(n - 1)) A H^(X x 5, Q(n)). Since a and $ are strictly compatible with 

7 Use the exact sequence W i H i - 1 {S\D) ^ W l H l D {S) -> -» W i fl' i (S\£>) together 

with Deligne's description (in [Del, sec. 3.2])_of W l H l - 1 (S\ D) and the fact ([De2, Cor. 
8.2.8]) that im{H l D (S) -» iT(S*)} = im{iP- 2 (£>) -» to get H*- 2 (D) -» W l H l D {S). 
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Leray, 8 one concludes that Gr l c {H^} = coker {Gr l c (a)} . To transfer this result 
to the non-NCD case, assume _D(=NCD) is the preimage of -D ( =non -NCD) 
under an embedded resolution b : S — > So, so that (S \ D) = (So \ D ). The 

surjective map H% n (X x S, Q(n)) 4> H^(X x S , Q(n)) is then ( since Gr l r bz are 
surjective) strictly compatible with Leray and factors <3>; hence Gr % c H]^(X x 

(So \ A,),Q(«)) « (tFca , { ^°S^»,„_ 1))} . Combining this with (10.6) 

and taking a limit gives the middle term of (10.4). 

Moving on to (10.5), it will suffice to show that its middle term without 
the iV 1 r(- • • ) n num in the denominator, is isomorphic to H^S, A{i}). The 
latter has a standard Deligne-homology presentation as the i th cohomology of 
CUS, AW) = r(C£_.(A)) © T(FyV s (V)) © rCVf^V)). Moreover, ker{D : 
G\) — *• C^ 1 } C 

(10.7) 

z (cL,(A))ez (f- - P - ( y))eker {r Z{C ,J A ^,, V , (V)) } 

since (for (a, b, c) G Cp) = D(a, 6, c) =>- 9a, d& = while dc = 6 — a. If 
we project ker{D : C l v -> to the third ©-factor of (10.7), then im{D : 

CS," 1 -> is sent to the subgroup dr( '^(V)) + T(C|_ i+1 (\/)); explicitly 
for (A, 5, C) G C^ 1 one has F l {s) 'V^ 1 = =>- 5 = 0, and D(A,0,C) = 
(—OA, 0, dC + A) is sent to dC + A. Hence we get the desired isomorphism. 

11. Reduced higher AJ-maps 

Let DZ n [X k ) denote cycles with class in C l CH n (X k ); we now define maps 

Xl : C i Z n {X k )^W v {r }s A{i})- 

Considering the middle term of (10.5) [= Ejd(Vs, A{«})] an ^ the discussion 
in §9, one might expect Xi(^) to be presented as a V/ A- valued differential 
(i — l)-character. (Recall this is a functional on topological (i — l)-cycles with 
a special property on bounding cycles.) Accordingly, here is the initial ad hoc 
construction of Xi' 

Take Z G C L Z n (X k ) with any (fixed) choice of complete spread C,and let 
D C S (defined /Q, codim. 1) be such that the restriction of ( to X x (S\D) 
has relative dimension (over S \ D). Now pick any C G Z^[(S \ D). Since 
Z G C\ [C]j -i = G HorriQ (tf^fas, Q), H^X,®)) . Therefore P x{Ps\C)) 

8 i.e., for the obvious £' 5 on H% l ~ 2 (X x 5, Q(n - 1)) one can show <5(£^ 2 ) = C l s n im(d) 
(e.g., by arguing explicitly with £>7?-triples) . We have already noted this property for 
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has trivial class in Hi_i(X, Q), and so may be written dTc (for T c G C* op (X) 
defined up to an i-cycle). If {ue} C f2*(X) is a basis for F l H l (X,C) then the 
membrane integrals 

(11.1) Xi(-Z)C:={jf ^| 

give a "value" in V/A. If C h i" on 5, then there exists K G C\ op (S) such that 
C = OK and X x /C intersects £ properly (i.e. in the right real codimension). 
Again modulo i-cycles on X, Yq = Px{p~s 1 {^)) and so 

(11.2) X,(^/C m i A |^p 5 *Px^| 

amounts to integrals of holomorphic i-forms (or one V^-valued holomorphic i- 
form) over /C. So (11.1) defines a differential character. 

To produce a class in H^iVs, MO) f rom this, we need a corresponding V- 

valued (i — l)-current R, with J c R = Xj(J?)C; that is, one current for each 
o;^. There are in fact many possible choices of R, but (as we will show) their 
differences lie in the denominator of the middle term of (10.5). We sketch one 
explicit construction (of an R) here, and another (for X a product of curves) 
in §14 which resembles the regulator currents of §§8 — 9 more closely. 

Let {7 fc }, {7^} be dual bases for # 2 t-*(S,Q) and Hi(S,Q) (reap.) and {a m } 
be a basis for H 2 t-i+i(S,Q) [= H^^S, Q) v ]. (The 7's and cr's are all topo- 
logical cycles.) For some a\ G C, «^7 fc ] = [ps*Px*^e] G H l (S,C); and so 
there exist i?° G rCD^ -1 ) with d[i?°] = ps*Px*^i - Y^k a e^-y k - Collecting these 
together, and writing [u)g\ y G V for the functional evaluating (for each m) to 
S tm on [w m ], i?° := {R° e } = J2e R°i ® N V e T( 'Pjf 1 ^)) has 

k 

= J2(Ps*Px*^) ® N v - ]T 7fc ® (E«"N V ) =: Q ° ~ C °- 

£ k i 

Since a, fc = J^ps^Px*^ = I Px{p -\^e, 

«"N V = / , (•) G ™{^(X, Q) -> F*fT(X, C) v } = A. 
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Therefore C° G ^(Cf^A)), and R° has the property j c=d!C R° m = A J K ^ . 
However, if C is not a boundary the value J c R° needs correcting (in order to 
be = Xi(Z)C); an ad hoc modification R = R° + {E™^} (PT e C ) of the 
current i?° does the trick (for all C). Clearly d[R] = Q° - C° e Z(C^_i(A)) + 
Z(Fl,'V l s (V)), so i? gives a class in the middle term of (10.5). 

To check well-definedness, let R' be another (i — l)-current in 

ker {r('Pg" 1 (y)) -> z( c^_.(A ( )+l(Fi ) ^(v)) }' writin g di? ' = fi o - C o! and as- 
sume that J c R! m i A J c R (a fortiori j dK R! m i A J K Q ) for all C G \ D) 
(resp. admissible /C G C' op (S')). By a (9-regularity lemma from Hodge the- 
ory, a d-closed current of pure type (i, 0) is in fact a holomorphic form; hence 

Q , n' Q G Q l {S) <g> V. But m i A f dK (R - R!) = f K d[R - R'\ = f K {(n - 
Q'o) — (Co — C )} is then incompatible with the fact that continuous defor- 
mations of /C should continuously change the value of /^(^o — ^d), unless 
Q — Q' Q = 0. Hence C — C = d[R — R'], and must be d of some Ci G 
r(Cf 4 _ i+1 (A)). This makes R — R! — Q d-closed on S a fortiori on S\D, where 

f c R — R' — Ci = f c R — R' = shows its class is "A-integral", thus shared 
with some C 2 G r(Cf t _ i+1 (A)) (with dC 2 supported on D). We have therefore 
that {R-R'-{d + C 2 )} G {dTi'Viv^V^ + N^i'V^iV))}, and so R-R' G 
denominator of (10.5) 's middle term. 

We emphasize an important point: that Wp(r]s, A{i}) can be put into 1 — 
1 correspondence with [the limit over D of] a certain class of (V/ A- valued) 
functional 9 on topological (i — l)-chains on S \ D. 

Now that we have a well-defined class Xi{Z) — R G iLviVs^ A{i}), set 

This is essentially d[R] (in the last term of (10.5)), whose image under 
ker {W(ri s , A) © F'iTfas, V) -> ff'fas, V)} F'ff'fas, V) is just i.e. 

J][^] v <g> [p s *Px*^] G Hom c (F l H\X,C), F l H l ( Vs ,C)) ■ 

e 

If vanishes then (W) = G F*W(ris, C) =>> the forms 

Ps*Px*^£ are identically zero. For C = <9/C, (11.2) now becomes Xi(£)d¥L = 
(mod A) and gives a V/ A- valued functional on homology classes, i.e. 

an element of H_ 1 ~ 1 (t]s, V/A). On the level of the exact sequence (10.5), f2° = 

9 namely, those that evaluate (mod A) on all dtC to f K fl for some fixed fl € fi*(S) <X> V. 
These are different from those encountered in §9 since here (a) JC need not avoid D and (6) 
fl cannot have poles along D. 
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=^ -d[R] = C° [C°] = G H^rjs^A) =^ C° has a primitive 

K° G T(Cg_ i+1 (A)). We may modify R i-> i? + K° =: £ (for free) to get 
,R G this slides back along q to give a class in IP^iVs, V/A). Of 

course, R and R do not yield distinct differential characters; R is just the right 
choice of current. 

So if [Cl~ = 0, define [AJQ~ 1 by 



and use either approach above to compute it. 

Remark 11.1. In some situations it may be easier to show [C]« = than [C]« — 
(equivalent only if GHC holds). However, for i > t — dimS* one already knows 
[C]i = — a Lefschetz argument as in §3 shows IP(r)s, Q) = 0. 

We now say how all this relates to the invariants of Part 1: the present 
invariants are "quotients" of them. For instance, in case [Q = (so that 
[AJ(C)]j_! is computed by J d -i^(-)) for Z G OCH , one can easily check the 
following (see [Ke4, sec. 4.3]): write H*(S rel ) := coim{H*(S rel ) -> H*(S)} 
lim ^ im{H*(S, D) — > H*(S)}; then restricting functionals via 

{F t+ \H 2t - t+1 (S,C)^H i (X,C))V -» {H 2t - t+1 (S reh C)®F t H i (XX)V induces 
a (well-defined) map GV^V^X x rj S ) -» Hom Q (^^r/s, Q), im{ ^^ Q)} ) send- 
ing [A7(()]t_i i— > [i4J(()]j_i. However, we need a stronger result for §§13 — 14, 
where £ = cannot necessarily be arranged. Most importantly, we want \i to 

be well-defined on Gr l c CH n (X k ) (i.e., modulo = and C t+1 ); and proving this 
requires precisely the characterization (10.6). Here, then, is what one can say: 

Proposition 11.2. On C i Z n {X k ), <f> i o^ i = Xi . 

Corollary 11.3. (i) Xi kills C l+1 Z n and cycles = 0, i.e. is defined onGr % c CH n (X k ). 

(ii) [Qi = '</>i([C]i), an d if[(]i (not [Qi) vanishes (so that [AJQi-i is defined), 
then [AJC]i-i = "(l>i-i([ AJC]i-i). 

(Hi) If either [Qi or [AJQ^i is nonzero, then (Z) £ C' t+1 CH n (X k ). In 

rat 

particular, Z ^ 0. 

Proof, (of Proposition) Given Z G C l Z n (X k ) 7 let ( be any choice of complete 
spread; this has Deligne class cx>(C) = ((, 0) in 



HIGHER ABEL-JACOBI MAPS FOR 0-CYCLES 



37 



(11.3) 

ker {Z(C^ S ® Q(n)) © ^(F"'Pf xS ) © r('l^i) ± Z('2# x5 )} 



iJ^(XxS,Q(n)) = 



im {r(C**f © Q(n)) © r(F« © r( V%£) Z num} 



where B(A, B, C) = (-dA, -d[B], d[C] - B + 8 A ) [S A = delta-function current 
via integration along A]. This cx>(C) maps to cn(() G £ 1 H]h{X x 775, Q(n)) 
under $. Since $(£* s if#») = and ker($) = lim D {im//| ) ^ xD (X x 

S 1 , Q(n))} [limit over divisors D/q C 5], we can modify cx»(C) by a D-closed 
triple (N top , Np, N/c) supported on some X x D, to get a class in OgH^ 1 (with 
the same $-image). This means that we can add a D-coboundary (triple) to the 
modified class, to get a triple (C, fl, R) in the numerator of (10.6) (i.e. C, Q G C l s , 
R G and all three Kiinneth-decomposed). Explicitly, 



D(~ top , E F , K) + (C, 5- 0) + (N top , N F , N K ) = 

(n-4) Ej>i (E* 4'-, x cf ' fe , E, ^ a n*7'\ E m a rZJ ) 

=:(C,n,R). 

(where A;, £, m are dummy indices and the others indicate degree). We may 
assume that the Cf' fc , Cf' k resp. Q^, fi^ e are (9- resp. d-closed, and conse- 
quently that the i?^~*'s (but not all i?^ m 's) are also d-closed. Hence, writing 
[•] for (co) homology class on X, 

\ k I m J 

gives a class in the middle term of (10.4), and this is ^i{Z). 

Next, <j>i sends this to the class of E m R%i ® £ 'ZTjfW) in 

the middle term of (10.5). (Here the bar indicates the quotient H 2n ~ l (X, C) = 
y -» V = {F*/P(X,C)} V .) We must check that this <f>i(^i(Z)) gives the 
same V/ A- valued differential character as Xi(Z) by integrating it over topo- 
logical (i — l)-cycles C G Z^[(S \ D). Let {cue} C f2 l (X) be a basis. Since 

(Ej> i+ i J2 m R s~m A ) A integrates to on C x X (by degree), this 

amounts to checking that the vectors |/ CxX -R A 7r^-u;^j and Xi(Z)C are (for 

each such C) equal in V/A. It is thus more than sufficient to show for any u G 
W(X) and C G 2^(5 that J^iM^ = J r cu where <9r = p x (p s l {C)). 
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From (11.4), R = d/C - E F + fc top + N K . Since E F G r(F n/ P^) and 
7r^cc; G r(F*f2^ xS ), S^Att^o; has less than n — \ dz's and so its* (which involves 
fiberwise integration along X) kills it. Hence, f CxX E F A tt x u = J c 7Ts,{E,f A 
7Tjw} = 0. Next, C x X does not intersect the support (in D x X) of N/c, so 

Icxx A = 0; an d Jcxx ^ ^ ^x 00 = Icxx ^ n x u} } = since u; is 
closed. We have therefore 



/ RAtv* x uj = / n x u = \ 

Jcxx J(CxX)n~,top 



00. 

(CxX)nHtop JTT X {(CxX)n~to P } 

Now from (11.4) again, dE top = ( + N top - J2j>i Y.k C 2t-j x Cf' k ; clearly N top n 
(C x X) = and the same may be assumed for Ylj>i(' ") H (C x X) also 
(by degree on S). Hence, dn x {(C x X) n E top } = n x {(C x X) n dZ top } = 
n x {(CxX)n(}=p x (p s 1 (C)). □ 

Remark 11.4. The reader familiar with the work of S. Saito (e.g., [sS]) may ex- 
pect that the identify with so-called "Mumford invariants" (specialized to the 
case where X is defined /Q). A version of these comes from filtering the image 
of the dlog cycle-class map CH n {X k ) -> H n {X k , ft£ /Q )[®C]. (Note that [EP] 

defined similar invariants. Strictly speaking, Saito's target is HP(X, f2^r™^).) 
Writing Gr^f^^ := Q l k /q <S> ^ x ~ l / k i one defines a spectral sequence E l { 3 = 
H i+ i(X k ,Gri;Q% k/Q ) =>> H i+ i(X k ,tt n Xk/q ). Since d x is just the (graded) 
arithmetic Gauss-Manin connection V, Gr i c H n (X k ,Vt n Xk/ ^) = E^' 1 = E l 2 ' n ~' 1 is 
the middle cohomology of the complex 

For us X fe = Xq®/c, so V = and that cohomology is simply Q k ^®H n (Q x ~ l / k ); 

tensored with C, this becomes <g> Gr^H^'^X^ , C) by GAGA. For 

.Z G /?Cif n (X fc ), the resulting invariant is just the image of [Qi under the 
composition 

F'H'irjs, V) n iT fas, A) — F'H\S^ an \ C)®V^ H\% m ) ® V - ff fc/ Q ® V, 
where the last map is given by evaluation at the "very general" point So G 5(c) ■ 

12. Finer invariants: [AJ(C)]f and coniveau 

Recall from §4 that when [Q vanishes, [AJ^jj-i (for any i) is computed by 
Griffiths' prescription Jg-i^('), restricted to give a functional on 
F t+1 {H 2t - i+1 (S rel , C) <g> H\X, C)} [C F* +1 {^ i+1 (.S, C) <g> /P(X, C)}]. (This 
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function identifies with an element of H 2 «?~ l / F n H^ 1 in the notation of (10.2)). 
In an ideal world (where the Hodge conjecture is a theorem), this completely 
describes [i4J(]„_i in particular (or |/lJ£] t if t < n — 1), since [£]o thru [Q n must 

HC ~~ 

be zero ( =>- [Q = =>- [Q = 0) for it to be defined. What we lack, is a 
precise description oi Gr l ^ 1 J n (X x 775), and towards some [-AJ£]i computations 
in §§15 — 17 we now remedy this for i = 2. 

Specializing the notation of §10 to % = 2, = H^rjs, Q) <g> H 2n - 2 {X, Q) 

and Hj" 1 = ^n-i^Q™" 1 ; also note that W^tfJ™" 1 = E^™" 1 . According to 
(10.2), 

Ext 1 (Q,M" _1 (n)) Ext 1 (Q,M n_1 H) 

(/V ./" ( .V X //>• ) ~ Miia miis v — 



im {tfom MHS (Q,|E(n))} W"' n ^c"" 1 } n fl?" 1 ' 
It is the denominator that we want to better compute, namely the image of 



(12.1) tfomMHS (Q(-n), Gr?H l (r ts ,Q)®H* n -\X, 

Since GrYH\ris, Q) is of pure type (1, 1), recalling Hg n -\X) = H 2n - 2 (X, Q)n 
F n ~ 1 H 2n ~ 2 {X, C) = #om MHS (Q(-n+l), # 2n " 2 (X,Q)) we have that (12.1) = 

(12.2) Hottimhs (Q(-n), GrfH\ Vs , Q) <g> Hg n -\X)) . 

Using now purity of if(? n_1 (X), we easily see that the image of (12.2) [hence 
(12.1)] in Ext^jjg is the same as the image of 

(12.3) ({^[WaJif^C) + M^^Q)} ntf^C)) ®Hg n -\X). 

Since dim(X) = n, the (dualized) Lefschetz (1,1) theorem allows us to re- 
place Hg n -\X) by H 2 ?- 2 (X, Q); similarly #V (X) = # 2 /9 (X, Q) and we write 
H 2 ,(X, Q) and H 2 ™~ 2 (X, Q) (resp.) for their orthogonal complements under the 
cup product. Of course U makes if^ g and H 2 ™~ 2 , hence if 2 r and if 2 ™" 2 , duals. 
Nowin^- 1 /^- 1 = 

{^(^^Cj^F^^I.C) + [F t - 1 ]^ 2 *" 1 ( 1 S reZ ,C)®F 2 ii 2 (X,C)} V , 
the image of (12.3) may be seen as functionals arising from integrals over 
{(2£— l)-chains bounding on divisors defined /Q c5}x {curves on X}. 
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However for our purposes it will be acceptable to quotient out by H}(r)s, C) 
H%- 2 (X,C) (which contains (12.3)). Writing iff" 1 = H\r] S , Q)<S>H^~ 2 (X, < 
and so on, set 



(Grir(X x „)), := g^^g 



rr2n-l 
±i-<C,tr 



H l (vs) ® flS" 2 (X) tf 2 ^ 1 + F^"" 1 
fl24 x ^ {F'r ^.e,, C) 8 F^^I, C) + g 2M (^i, C) ^ f 2 ff 2 (I, C)}' 

i.n{// 2/ ;(.%.,.:;) WTx~ 



where ^ r (X, Q) is Poincare duals of H 2 ^~ 2 (X, Q) and H^S rel , Q) := im{#*(S) 
H*(S re i)}. This is a much less drastic quotient than 

H l ( Vs ,V/A) 2* {H 2t '\S reU C) ® F 2 H 2 (X,C)Y /^{H^Sr^Q) ® 
We write [AJ(C)]' r f or the (projected ) image of [A/(C)]i in (12.4). 

In the event that \t(= djmff) ^T] , H 1 ^) = coimiH 1 (S re i) -> if 1 ^)} = 
tf 1 ^) and (12.4) simplifies to 

(12 5) _ C) g gypC, C) ® g%g, C) g # 2 '°(X, q} v 

periods 

Again, [AJ(C)]i r G (12.5) is the image of [A/(C)]i (which in this case = * 2 (-2) 
since Gr 2 c Hg n (X x 775) = {0} for t = 1). Note that the Q-dimension of the 
period lattice equals the R-dimension of the numerator. 

We summarize the picture for i > 2. Write F^~ t+1 H 2n ~ t (X, Q) for the largest 
sub-Hodge-structure of H^'^X, Q) contained in H 2n -\X, Q)nF n - i+1 H 2n - i (X, C), 
and F^~ l+1 i/~ 2n ^(X, C) for its complexification. The analogue of (12.1) is then 



Hom Mm (Q(-n), Crf /P" 1 ^, Q) ® tf 2 "-*(X, i 

(12.6) #om M HS ([GV^tf 2 ^ 1 ^, Q)] ® Q(t - ra), 2 "-*(X, Q)) . 

Since F i H i ~ 1 (i] S , C) = {0}, dually # 2 '- i+1 (S rei , C) = F t ~ i+1 H 2t ~ i+1 (S re i, C); 
hence picking any G (12.6), im(0) C F^~ i+1 H 2n ~ i (X, Q). It follows that 
(12.6) ^ 

# om MH s ([Gr^tf 2 ^ 1 ^, Q)] ® Q(t - n), F^ +1 H 2n ~\X, i 
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(12.7) Hom MUS (Q(-n), Gr^H^s, Q) ® F^ +1 H 2n ~\X, 

the analogue of (12.2). Writing W Q := Wj-fP -1 ^, Q)(8)F^ _i+1 J f/" 2n_i (X, Q), the 
image of (12.7) [hence (12.6)] in £^ HS (Q(-n), iP-^Q) ® H 2n -\X, Q)) 
is then given by 

{F"ft c + ft Q } n H i - 1 (rj s ,Q)^F^- i+1 H 2n - i (X,Q) 

(compare to (12.3)), and so im{Hom} will be absorbed if we quotient GV^ -1 J n (Xx 
775) by Ip-^rjs, C) ® F£~ i+l H 2n ~ l (X, C). It is a very important point, that this 
is usually (substantially) smaller than the /P _1 (?7s, C) <g> F"- !+1 i7 2n - i (I, C) by 
which we quotiented in §10 (to get iP _1 (77s, V/A)). In fact, provided GHC 
holds, it is precisely iP _1 (r7s,C) <g> 7V n_i+1 if 2n_i (X, C); while [hard Lefschetz 
=>- ] H 2n -\X, C) = N^H^lx, C). 

Writing Gr^H^~ l :— tP^ivs, Q) <8> ■^^rH 2n ~ i {X, C), GHC 3 of a 

quotient 

Gr n ~ i}j^ n ~ 1 

(12.8) (G4-V»(X X := Gr .-,^ 1 ^ (m m) 

of Gr t c 1 : F l {Xy.r]s)- This is one way to understand the notion that Gr l c CH n (X k ) 
should be "controlled" by Gr^H^'^X). 

Part 4. Applications to products of curves 

13. General observations 

We now specialize to X — C\ x • • • x C n , where Cj are smooth projective 
curves (of positive genus) defined /Q, with fixed base points o G Cj(Q). 
Two observations are in order. 

The first is that the product structure is reflected in the Leray filtration on 
CH n (X k ). As in §7 one uses the j^Zfy projections (one for each a G ©") 

TTo- : X — > C<r(i) x • • • x C a (i) =: X CT 
to products of i curves, to induce isomorphisms 

H l (X,Q) <— © CT /PpT,Q) 
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e CT (7r CT )* 



H 2n -\X, Q) 



and (using functionality and the formulas for the Gr^H^) a diagram 



OCH n {X k ) 



®(7r<r)* 



*i(n) 



®*i(i) 



Gr^H^X x 77s,Q(n)) — @ a Gr^g%{X° x 775, Q(i)). 
Setting (for < i < n) 

F l x +1 CH n {X k ) := kerje^O*} C C/T^) 
(so F™ +1 CH n = {0}), one has from this diagram 

F l x CH n {X k ) C CCH n (X k ) 



and equality if BBC 9 holds (or without BBC 3 for i < 2), since the ^i(i) are 
injective in that case. Here the D are defined, as usual, via kernels of successive 

In particular, we shall concentrate on 



where pj G Cj(k). We note that Xn is (well-) defined on F x l CH n (X k ) since it is 
already defined on C n by Corollary 11.3 (more generally, Xi is defined on F x ). 

Remark. The above n-box cycles //c do not necessarily generate 
F x l CH n (X k ); the latter also contains certain sums of n-box cycles with pj G 
Cj(L), L/k algebraic, which are essentially "norms" (relative to k) of n-box 
cycles in F x CH n (XL). (We could ignore this possibility in Part 2 because of 
the existence of a norm Kff(L) — > K^{k): such cycles could be replaced by 
ones with coordinates G k.) If k was algebraically closed then of course this 
problem would disappear, but we have restricted in this paper to k/Q finitely 
generated (in order to have S available; one may then deal with k via a limit). 
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The second observation is this: when Z / {k = Q(S)} is an n-box we can 
explicitly compute Xn(Z) as a V/A-valued (n— l)-current "if' on S. This seems 
particularly intriguing when the spread Co of the leading corner (pi, . . . ,p„) of 
Z, projects to a nontrivial correspondence 7Tx{Co) Q Ci x ■ ■ ■ x C n . 

The idea is to extend the homotopy technique described in §8 for (C*) n , to 
C\ x • • • x C n by using the fact that each Cj can be cut into a fundamental 
domain %. One then lifts the "n-box graph" C = B (Co) to (Di x • • • x B n ) x S 
and "successively" contracts -factors (to o, in a sense that will be clear to 
readers of [Kel]). The lift traces out a (2t + l)-chain I\ C S x X bounding on 
C and {topological (2t — n)-cycles on S} x {topological n-cycles on X}. The 
function of this chain is essentially to standardize the membranes T c used (see 
(11.1)) in constructing the differential character Xn, or alternatively the choice 
of current R G r('X>g -1 (V)) representing it. (We are certainly not claiming 
that the topological (2t — n)-cycles lie in any divisor D C S.) 

Specifically, the currents we write down in §14 (without further proof) will 
correspond essentially to T c '■— nx{{X x C) fl T^}. They will give classes in the 
middle term of (10.5), which is to say d[R] will be (i) a A- valued (2t — n)-cycle 
plus (ii) a V- valued holomorphic current [or form]. Either (i) or (ii) can be 
considered to represent [Q n , but we shall write [Q n for (ii), and moreover Xn(Z) 
in lieu of R. So 

d[ Xn (Z)}=Wn + T C 

now expresses the fact that Xn(Z) is a differential character. 
When [C] n = we instead write [AJC] n -i for R, so that 

d[AJC] n -l = T f . 

It is unnecessary to correct i?'s discrepancy from closedness here, since inte- 
grating it over topological cycles(®Q) already gives a cohomology class: 

war, 6 ( £ „_ lfe ,Q), ™1 ; .q)} V ) s ^ , (-»- y / A )- 

Recall that H_n-i( n s, Q) means cycles which may be moved to avoid any D/Q. 
We just note that if S is a curve, then H_i(Vs,Q) — Hi(S,Q), while if S is a 
surface then H 2 {n s , Q) = H l 2 r (S, Q). 

Before embarking on computations, we indicate how to see Mumford's the- 
orem easily using [Q n , provided one believes Proposition (3.2). We only do 
X = Ci x C2 (i.e., n — 2), and leave the generalization to the reader. To prove 
no 71n surjects, it is enough to show 

B N : S^Xd x C 2 ) — > C 2 CH\X C ) 
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N 

Sym N ((p 1 ,q 1 ),...,(p N ,q N )) i — ► S ^ j B(p j ,q j ) 

3=1 

is surjective for no N. 10 

We do this by producing (for any N) a cycle in im(£>Ar + i) \ im(£>jv). Take 
Pi, . . . ,Pn+i £ C\ and q±, . . . , qN+i £ C2 to be "algebraically independent" gen- 
eral points, in the sense that Q ((Ci x C 2 ) x( - N+1 ^) = Q(pi, <?i, • • ■ ,Pat+i, =: 
fc (so trdeg(k/Q) = 2N + 2); set Zjv+i := J2f=i B (Pj, Qj)- 

Recall that V = H°(Q 2 x y. Write {^} G H°(fl 2 x ) for a basis, and ttj : S = 
(Ci x C 2 ) x( ' iV+1 ^ — > Ci x C 2 for projection to the j th factor. Clearly one may 
take Cat+i := x vr,)*A x G Z\[C X x C 2 ) x ^+ 2 ); 

gives a nondegenerate, anti-symmetric bilinear form 6\ SQ x 0$ SQ — > V (where 
#5 so denotes the holomorphic tangent space). More precisely, writing J = 

J 




^ ^ ^ ^ , its matrix is proportional (by a vector G V) to 



J 



which has nonzero determinant. 

Now any Zn G im(£>Ar) is defined over a field ko with trdeg(ko/Q) < 2 A/". Set 
Z = i^v+i — i^v; we must show that [Q2 7^ 0. 



7TQ 



Consider the simplest case ko C k, so that 5 -» So and [Q2 = [Gv+i]2— ^otCivk- 
Since dim(So) < 2N + 2, it is impossible for 7Tq of a holomorphic 2-form So to 
be nondegenerate on S, and so [0v+i]2 7^ tto[Cw]2 as desired. 

More generally ( lives on X x rjs', where S «- S' -» So (with dimS' ='■ T), 
and ( = tt*(n + i — Hq(n- One easily shows the existence of a subspace of 0$, 3 i 

of dimension at least T — N, on which 7Tg[(jv]2 restricts to the zero form. The 
maximum dimension of such a subspace for 7r* [Cjv+i] 2 is T — N — 1. So [Q2 = 
7r *[Cw+i]2 — 7i"o[CA r ]2 7^ and Mumford is proved. 

Remark. It would not have done, to merely exhibit infinitely many linearly 
independent [(^-classes, this only establishes that £ 2 CH 2 (Xc) contains an 00- 
dimensional Q-vector-space, which is not at all Mumford's theorem (see the 
warning in Remark 8.2(H)). So this is why we needed the Prop. (3.2). 



10 or equivalently: for no N is im(23/v) closed under addition. The smallest subgroup of 
C 2 CH 2 (X C ) containing im(B N ) (for any N > 1), after all, is all of C 2 CH 2 (X C ). 
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14. Formulas for the reduced invariants 

We now produce the currents representing Xn(Z), beginning with n = 3 (from 
which the general case will be clear). We then turn to n = 2 and perform a 
computation. 

Let p, q, r be points in the respective Cj(fc) [i = 1,2,3], and consider the 
"3-box" cycle Z = B(p, q, r) = 

(p, q, r) - (o, q, r) - (p, o, r) - (p, q, o) + (o, o, r) + (o, g, o) + (p, o, o) - (o, o, o) 

in Z 3 ((d x C 2 x C 3 ) fc ) with class (Z) G £ 3 C# 3 ((d x C 2 x C 3 ) fe ) . As usual 
we write ( G Z 3 ((X x 775)^) for its Q-spread, where X = C\ x C2 x C3 and 

Let Q^ _1 '-' 2ff « (with Qi the genus) be topological cycles on Cj spanning i?i(Cj, Q) 
and all based at o. We take to be a dual basis of "markings" avoiding o, and 
based at another point which the a\ avoid. Things are set up as usual so that 
[a{] = [<yi ±9t ] (but a{ 7^ a{ ±91 ), and af fl a{ 2 is empty unless ji = j'2 (and then 
it is a point). The interior of our fundamental domain (with "center" at o) is 
then given by C, \ Ujdf , and we denote its closure by Dj. 

The forms {u^ G fi 1 (Cj) integrate to give functions z\ on Dj which 

are zero at o. They may be viewed as discontinuous, complex-valued functions 
on Ci with cuts at the markings, i.e. as O-currents like logz on C*, so that 

j'=i 

where u(a) := Now the spreads of the points p, q, r give maps : 5 — > 

Cj, and by composition with the , zero-currents /j fc := z\ o Sj G / P°(5'), or 
functions on S 1 with branch cuts T- = s~ 1 (o;^). We have 

where d/f := s*cof. (This is of course the analogue of the formula d[log/] = 

dlog/ - 27T2 • 5 T/ .) 

Recalling V := (F 3 H 3 (X, C)) v (^(Ci) <g> ^(Ca) <g> ^(Cg))" 7 and A = 
im{H 3 (X, Q)} C V, the V^/Aj-valued 2-current representing Xj,{£) is 

(14.1) 

*h! 31 V +E„ J2 K-(af))K«(ar))/f'-VnT» ) 
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(An analogy to the Milnor regulator current log /idlog/2 Adlog/3+27ri log /^dlog/s- 
6r f — 47T 2 log fs-ST fl nT f2 , where fj G Q(S) are viewed as functions from i]s — * C*, 
is implied here.) Notice that d of this current is the A-valued 3-chain 

T C := [^A^A^fJ £ (a;?(ai 1 ))(a;?(c4»))(a;3^(aj»)).^ ln ^ n ^, 

ki,k2,kz \j1J2J3 




., , , 'ifrtz^rtz* 3 



= £ I /„ „ ,,oK 

plus the holomorphic (V^-valued) 3-form 

kl,k2,k3 

If the latter is zero then the current (14.1) gives (by operating on topological 
2-cycles) a well-defined class [AJ(} 2 G H 2 (n s , V/A). 



Similarly, for Z = B(p, q) G Z 2 ((d x C 2 ) k ) one has for [AJQi 
(14.2) 

Y, [^/wjT® f /N/2 2 + E^K))/" 2 • fyi ) e tf 1 (r ?5 ,{^ 2 J ff 2 (C 1 x C 2 ,C)} X 



fel,fe2 \ jl = l 



provided the df x x A <i/ 2 2 vanish, as for instance is the case when dimS* = 
trdeg(k/Q) = 1. We now give an example of such a case, where [AJ£]i 7^ 



rat 



(and thus Z ^ 0). 

We mentioned in §10 that diniQ A might be larger than dimjj V [= gig 2 ]', one 
situation where this does not happen is for C\ = C 2 = E an elliptic curve 
(defined /Q) with complex multiplication. To be concrete, let £ = V(F) C P 2 
be defined by the equation 

F(x, y, z) = y 2 z — x 3 + 5xz 2 = 0, 

With U = ReS E ^dxAdy-ydxAdz+xdyAdz ^ £ Q l ^ ^ c00rdinates (J = 

dx/y). For the 0-currents resulting from the integrals J* to on © we will write 
simply -21,-22; these are just the standard "plane coordinates" on the factors 
E x E. We choose the topological 1-cycles a, j3 in such a way that VL\ = Q = 
j a uj and fl 2 = i& = fs^*, where Q G R is some transcendental number. We 
then have f ax/3 dzi A dz 2 = (iQ)Q = iQ 2 , J /3xl3 dz 1 A dz 2 = = — Q 2 , 
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f axa dzi A dz 2 = ft 2 , which give the period lattice Q (ft 2 , ift 2 ) = A C V = 
{F 2 H 2 (E xE)Y = (d Zl A dz 2 ) y = C. 

Now take a base point o defined over Q (say, the point at oo), and a general 
point p defined over k = Q(E) (so that S and E will be birationally equivalent). 
There also exists a "nontorsion" point £ G E(Q), which means that f^u is 
nonzero in C /Q (ft, iQ) . (In fact, for this particular curve one can take o, £ G 
E(Q).) We study the cycle 

Z = B(p, p - f) = (p, p - f) - (o, p - - (p, o) + (o, o), 

with class (Z) G £ 2 C# 2 ((£ x E) k ) and spread ( C E x E x E, and |Ck — 
(since dim 5 = 1). 

The spreads of p and p — £ give rise to maps (si, S2) = (id, id — £): S ~ — * 
E x E. We choose our cuts a, /3 so that z = f u [= z(o)] takes values in the 
square -ft/2 < < ft/2, -ft/2 < U(z) < ft/2 centered at 0, and pick a, (3 
to have support along the real and imaginary axes, respectively. Composing 
(id, id — £) with z gives zero-currents / and g on S ~ E, with cuts T", Tj? (and 
T°, T@). Using df, dg (both = dz) for the pullbacks of u (by si, S2), we can 
now write down the basic 1-current (from (14.2)) 



[^C]i = [fdg + n g ■ 5 Tf + iQg ■ 5 T ,\ G horn (H^e), C/Q(ft 2 ,*ft 2 » . 

Now in fact, since / = z o id, TJ = a and Tj 3 = (3. So integrating the current 
term by term over a G H ± (E) = H.i(t)e), we have 

r r /-n/2 

f dg — zdz = / zdz —0, 

Ja Jet J-n/2 



-Q/2 



ift • g(p) = since /3 fl a = (they are parallel). 

The only nonzero entry is nontorsion in C/Z(ft 2 ,ift 2 ), which is to say nonzero 
in V/A, and so ^ [AJQi, which 7^ (Z) G £ 2 C# 2 ((£ x E) k ) . So we 

have just used basic calculus to show a cycle Z = B(p,p — £) G ker(AZfe) is not 
rationally equivalent to zero. For purposes of comparison (and this is easy to 
show explicitly), the cycle 2Z( PjP ) is rationally equivalent to zero. 

One can perform a similar computation for Z = B(£,p, q) or B(p, q—p, q — £) 
on X = E x E x E, where q and p are algebraically independent general points 
on E, using (14.1). The reader who wishes to attempt this as an exercise 
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should note that for S = E x E, H 2 (r) S , Q) = Hg(E x E, <Q>) is spanned by just 
a x a — P x (3 and a x f3 + /3 x a (the Neron-Severi group has rank 4). Whichever 
of these one integrates [AJ£] 2 over, some care with signs is necessary. 

In [Ke4, sec. 6.3] we will treat the more nontrivial example Z = B(p, q) G 
Z 2 ((E x E)k), where (p, q) is the inclusion of a very general point on the (genus 
3) Fermat quartic curve under £ — > E x E. This is accomplished by turning 
[^4J(C)]i (in the form above for general C\ x C 2 ) into a collection of iterated 
integrals. 

15. A ^ 2 (Z) CALCULATION 

We now give an elementary proof of the very general result of [RS] regarding 
0-cycles on products of curves. This essentially contains the E x E example 
above, as well as Nori's examples (which exclude CM curves) — but not the 
Fermat example. Since the cycles considered are in the Albanese kernel, already 
[AJ£o], [C]o, [C]i are zero. Since they are of transcendence degree 1, [(] 2 = 0; 
hence [(} = and by Lefschetz (1,1) (see §4) one may arrange [Q =0, though 
this will also be clear from the form of the cycle. So [AJ(£)]i (or rather the 
slight quotient [AJ(C)]i r ) may be computed by Griffiths's prescription J g -i^(-) 
as a functional in [the numerator of] (12.5). 

Let C\ and C 2 be smooth projective curves defined /Q, both of positive genus. 
Take o G C\ to be a rational base point and p G Ci(k) (where k = Q(Ci)) to be 
general. Choose a 0-cycle W/Q with (W) G Cif^ om (C 2 ) and nontorsion image 
AJ(W) G J 1 (C 2 ); write d~ l W for any choice of bounding chain (connecting 
the dots). 

Proposition 15.1. Set X = C\ x C 2 , and consider the 0-cycle Z := ((p) — 
(o)) x W G ker(Alb) C Z 2 (X). Then ^ 2 {Z) is nontrivial. 

The remainder of the present section is devoted to the proof. 

Notation: If H^q) is a rational Hodge structure of weight 2m — 1, we write 
J(H) := Hc/(F m Hc + Hq) for the (rational) Jacobian. (For a curve C, J(C) 
is just J(if 1 (C)).) Injective and surjective maps of HS induce (resp.) injective 
and surjective maps of Jacobians, and J{7ii ©7i 2 ) = J (Hi) © J(7i 2 ). Moreover 
for Ho C W, H/Ho is naturally a HS and J(H/H ) = J(H)/J(Hq). 

We will work with the following (weight 3) rational HS's, all subHS's of Tio. 

Ho = H\Ci) ® H\X), F = H\Ci) ® F'H 2 (X), 

Hi = H^d^H^Ci^H 1 ^), Ti = = H^C^Fl {H\Ci) ® H\C 2 

H A = Q[A Cl }i®H 1 (C 2 ). 
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Note in particular that F^H 2 (X) = H 2 alg {X) and (H /Fo) = H\d) <g> Hl(X); 
and that [A Cl ]i G ^(Ci) (g) H^Ci) is the 1 st Kiinneth component of the fun- 
damental class, so that J (Ha) - Q[A Cl ]i ® J(C 2 ). 

The Setup: We spread Z out over S — C\ (recall X = C 1 x C 2 ), with full 
spread 

C := (A Cl - d x {o}) x W G Z 2 (d x (d x C 2 ) 



This has [£] = (because W 0), with bounding chain d 1 ( := (A^ — Ci x 
{o}) x <9 _1 W. The image of the functional 

. {F 2 (H^C 1 ,C)<i>lP(X,C))y ^ jm , 
~ im{H 1 (C u Q)0H 2 (X,Q)} {no) 

under the projection to (12.5) = J(Ho/J-'o), is obviously [AJ(^)]* r and we must 
show this is not zero. Consider the commutative diagram 

J(H ) J(H /F ) 



Pi 



Pi 



J(H A )^ J{H,) -5. J(H,jT,) — ^ . 

One easily shows 11 that i ([A Cl ]i <S> AJ C2 (W)) = pi (•)) in -WO- By 

hypothesis A J(W) 7^ 0, so this is nonzero; we are done if we can show p 2 does 
not kill it, since then p x ([AJ(^)]^ r ) 7^ 0. This is accomplished if (p 2 is 
injective, which would follow if J^i) © J(Ha) ^ J {Hi). 

The Hodge-theoretic input: Thus we have merely to show that 

finw A = {0} 

in 7ii (we actually show J 7 ^ fl H^ = {0}). Let {wj} C ^(Ci/c) be a basis 
satisfying a/— T J* Ci o;j A uJj = 5ij. An element f G is of the form cjj ® Ai + 
^ZUi ® ^ where A;, ^ belong to {F^ (H 1 ^) ® i7 1 (Ci))} c (and are hence of 
type (1,1)). Suppose f also belongs to H^\ that is, f = [A^Ji <S> T for some 
T G if^C^C). Writing 

oOi® Ai + ZJj ® Bi = i uJi^uJi — uJi <S> ujij <S> T, 



11 Viewing Ho, 7~ti as their own duals, pi is induced by restriction of functional (F 2 TL 



{F 2 U^Y and kills J ClX{o}xa - lw (-); hence Pl (/ 8 _ lf (-)) = Pi (f Aci xS - lw (-)) • 
(iT^Ci)® 2 )* = tf 1 ^)® 2 , J Aci (-) identifies with [A Cl ]i; while / 8 _ lw (-) G (F^Ca.C)) 
yields A7(W). 



Under 

v 
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we have A\ = uj\ <S> T, B\ = ui <g> T which is impossible in terms of type, unless 
T = 0. Hence f = and we are done. 

16. A SURPRISE FROM TRANSCENDENTAL NUMBER THEORY 

In this section we consider X2{Z) for the cycles of §15, and ask whether X2 
misses anything that ^ 2 picks up. 

Here is another way of putting Proposition 15.1: let C\, C 2 (both of positive 
genus) be defined /Q with p G Ci(C) very general, o G Ci(Q) and W G 
ZQ° m (C 2 /Q). Set Z = (p — 6) x W. Then the following four conditions are 
equivalent: 

(I) . AJ{W) is nonzero in J-^C^) (i.e., nontorsion in the integral Jacobian). 

(II) . [AJ(C)Y{ + in (12.5). 

(III) . v 2 (z)^o. 

(IV) . (Z) is nonzero in CH (d x C 2/c )- 

Proo/. We have shown (I) =^ (II) =>• (7//; =>• f/Fj, and "not ^" 
"not ^Fj" is clear. □ 

Recall that X2(Z) is a projected image of ^2{Z) (and easier to compute). In 
the situation at hand (i.e. dimX = 2, dimS* = 1), it is just 

{H\S,C)®H 2 >\X, C)} v 



[AJ ^ ie im{H 1 (S,Q)^H 2 (X,^ 

which can be obtained from [AJ(()}\ r G (12.5) by forgetting the H£ (X)-part 
of the functional. But it does surprisingsly well at detecting cycles as far as we 
can compute: 

Proposition 16.1. With the notation above, and Cj = Ei (i = 1,2) elliptic 
curves /Q, 

(V). X2 (Z) ± 

is equivalent to the conditions (I) thru (IV), assuming a conjecture of Wald- 
schmidt for the case where E\ and E 2 are non-isogenous non-CM curves. 

In particular, we have not been able to find a 0-cycle Z with x 2 {£) = but 
V 2 (Z) ^0. 

The rest of the section is the proof. We will show that for Z of the above 
form, assuming [AJ(£)]i = and AJe 2 (W) 7^ leads to a contradiction. (Here 
as usual AJ(W) is the image in the rational Jacobian.) Hence (I) =>- (V) 
(the converse, of course, is clear). 
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Note first that the rational Neron-Severi group NS(Ei x E 2 ) ® Q has rank 
2, 3, 4 according as Ei and E 2 are nonisogenous, isogenous without CM, isoge- 
nous with CM. In the latter (rank 4) case, H]; 1 (E 1 x E 2 ) = and so [AJ(()]\ r , 
[AJ(()]i are the same invariant. So in this case we have immediately [AJ(£)]i = 
=>. AJ{W) =0. 

Notation: We may write the elliptic curves Ej (j = 1, 2) in Weierstrass form 
{y 2 = 4x 3 - (g 2 )jX - (g 3 )j} with (g 2 )j, (g 3 )j G Q, Uj = pullback to E j of dx/y, 
and o = point at oo (and p G -Ei(C) very general). Pick aj, (3j G Z{ op (£",,■) 
spanning Hi(Ej,Q) such that aij • Pj = +1, and write periods Qj a = f a .^j, 

Qjp = fp.Uj, Tj := Qjp/Qja (with ^(r,) > 0). Up to =, W is just (g) — (o) 

for some q G ^(Q), and we write <9 _1 W = og for some fixed choice of path. 
Integrating along it yields £ := J 9 uj 2 G C, which projects to AJ E2 (W) G 
C/Q(n 2a ,n 2f3 ). Finally, let Aj and B j be Poincare duals (C°° 1-forms) for 
aj, (3j; and pj denote the Weierstrass p-function on (C/Z (Qj a , typ)) — Ej(C). 

Computations: We compute \ 2 {Z\ for Z = ((p)—(o))x((q)—(o)). Ifwe write 
d^C = (A El - E x x {o})x^, evaluating G {if 1 ^) ® # 2 '°(£i x £ 2 )} 
on the basis 23 = {A 1 <g> u;i A cj 2 , -Bi <S> ^i A cj 2 } yields a vector 

z7 2 = (n la £, n lf) t) g c 2 . 

(The E\ x {o} term in <9 _1 C plays no role.) The projection of Vz to C 2 /L gives 
[A/(£)]i, where L denotes the Q-lattice generated by the vectors produced by 
evaluating a basis of H\(Ei, Q) <E> H 2 (E\ x E 2 , Q) on 23. Obviously a basis for 
#i(£i, Q) 02 <g> #i(£ 2 , Q) will suffice; taking this to be 

£ = {«! ® CKi (g) « 2 , «1 <S> «! ® /3 2 , Oil ® Pi ® «2, OL\ ® Pi ® /?2, 

/3i <g> cti <g> a 2 , A ® «i <E> fa, Pi® Pi® a 2 , Pi® Pi® P 2 }, 
we have the following generators for L: 

(0, Jllaf^a), (0,J1iq:Q2/3), (0,fil/3^2«), (0,^1/3^2/3), 
(^la^2a,0), (r2i Q f2 2 /3, 0), (^l/3^2a, 0), (flipfl^, 0) . 

Main argument: Assume [A7(£)]i = and AJ E , 2 ((q) — (o)) 7^ (in the ra- 
tional Jacobian). The second condition means that £ ^ Q(^2a,^2/3)- The first 
translates to v z G L, hence to the two equations 



(16.1) 
(16.2) 



£ = a\VL 2ct + a 2 ^2/3 + 03^1^20 + 04^1^2/3 

£ = felTf 1 ^ + &2Tf ^2/3 + &3^2a + &4^2/3, 
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for some a,k,bk G Q. We cannot have 0,3 and 04 both zero; nor can b\ and 62 
both be zero. Without loss of generality, we may assume 63 = 64 = 0. (This is 
seen by adding topological 1-cycles to 02.(7, which effects translations of £ and 
V z by respective elements of Q {^20,^2/3) and L.) Setting the right-hand sides 
of (16.1) and (16.2) equal gives 

(16.3) 1 2a + 2 2/3 _ fli ^ 2a _|_ a2 Q 2/3 _|_ (a 3 £l 2a + 04^2/3)71, 
and multiplying by Ti/f^a and rearranging yields 

(16.4) rl(a z + a 4 r 2 ) + 7i(ai + a 2 T 2 ) - (h + b 2 r 2 ) = 0. 

Recall that (since Ei is defined /Q) each is either a quadratic irrationality 
(■<=>■ E'j has CM) or transcendental. 

CaseA: Assume Ei, E 2 non-isogenous non-CM (the "general" case). 

Set Ul = n 2a , u 2 = n 2 p, u 3 = ^±M^M (^ 0). Then n = blM1 + b2 " 2 and (16.3) 
says 



«3 



us = aiUi + a 2 u 2 + (a s ui + a 4 -u 2 ) 
multiplying by % gives 

■U3 = a±uius + a 2 u 2 us + a 3 b±ul + a 4 6 2 M2 + ( a 3°2 + a^^u^. 

This is a nontrivial algebraic relation amongst the {u{\ (the coefficient of u\ 
is 1). Now assume the following, a more general version of which appears as 
Conjecture 4.1 in [W]: 

Conjecture: Let p denote a Weierstrass p-function with algebraic invariants 
{92, <?3 £ Q)- Let Ui G C (i — 1, . . . , n) be such that {for each i) U{ is a pole of p 
or p{ui) G Q. Then {u^ algebraically dependent =>- {u^ linearly dependent 
over 

f Q r£Q 
7 ' ' Q(r) r GO • 



Remark. If true, this (apparently standard) conjecture absorbs the result of 
Schneider quoted under the "transcendental input" heading below. 
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Applying this with p = p 2 (and K — Q since E 2 doesn't have CM) yields 
(A, B, C e Q such that) 

= Aui + Bu 2 + Cu 3 

= AQ 2a + Btt w + Cb^Jn) + Cb 2 (n 2 p/n); 
multiplying by Ti/Q 2a gives 

= An + Bnn + Cb t + Cb 2 r 2 

An + Ch 
^ T2 ~~Bn + Cb 2 

The latter formula implies the existence of an isogeny E\ ~ E 2 , contradicting 
our assumption. 

Case 2 : Assume E\ ~ E 2 non-CM. 
Then for A, B,C,De Q, 

= A + Bn 
7-2 ~ C + 

=^ = A + Bn - Ct 2 - Dnr 2 . 
Multiplying by fl 2a gives 

(16.5) = AVL 2a + BnQ 2a - Cn 2/3 - DnVL 2f} . 

Case 2a: D ^ 0. 

Multiply (16.5) by a 4 /D and add to (16.1) to get 

(16.1') f = a'^a + a' 2 tt 2f3 + a' 3 n^2a- 

(16.4') a' 3 r* + (a[ + a' 2 r 2 )n - (h + b 2 r 2 ) = 0. 

Substituting for r 2 and multplying by (C + Dn) gives 

= a' 3 T? (C + Dn ) + n K (C + Dn ) + a 2 ( A + Bn ) } - {h ( C + Dn ) + & 2 ( A + Bn ) } 
= T?(a' 3 D) + r^a'gC + a[D + a' 2 B) + r^C + a' 2 A - b x D - b 2 B) - faC + M)- 

This polynomial in n 4- Q must vanish, hence = a' 3 -D. But D = contradicts 
the hypothesis of Case 2a, while a' 3 = together with (16.1') contradicts £ ^ 

Q{n 2a ,n 2 p). 

Case 2b: D = 0. 

Then we rewrite r 2 = A + Bn (absorbing C). Substituting this into (16.4) gives 
= rf{(a 3 + a 4 A) + a A Bn} + n{(a>i + a 2 A) + a 2 Bn} -{(h + b 2 A) + b 2 Bn} 
= {a±B)rf + (a 3 + a 4 A + a 2 B)r* + (a 1 + a 2 A - b 2 B)n - (h + b 2 A). 
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Again the polynomial must vanish since T\ Q, so in particular b± = —b 2 A. By 
(16.2) (with 63 = 64 = 0, of course), and T\ = n jf^-, 

£ = rr 1 (6ifi 2Q + b 2 n 2f3 ) = [^^j (61 + &2T2) 

) (-M + b 2 T 2 ) = n 2a Bb 2 e Q (ft 2a , fi 2/3 > , 

again a contradiction. 
Cage ff : £1 or £ 2 /las CM. 

If £ 2 has CM then r 2 G Q and (16.4) =>> n G Q, /ience £1 /zas CM. If 
E 2 ~ £1 then rank(iVS') = 4 leads to a contradiction as indicated above; so 
E^E 2 Q(l,n) ^Q(l,r 2 ). 

Hence this case reduces to: i?i of CM, T\ Q(l,r 2 ). Returning to (16.1), 
choose tf eZ + sufficiently large that Mo^ G Z for i = 1,2,3,4; and set Ao := 
Ma 3 tt 2a +Ma A tt 2 p G Z (Q 2cn ^2/9)- Then we have M£ = TiA in C/Z (Q 2cn ^2/?) • 
Pick iVeZ + such that A := ^ ^ Z (Jl 2a , fi 2| g). Since E 2 /Q, torsion points are 
algebraic and p 2 (X) G Q. 

The transcendental input: It is common knowledge that the periods Q a , Qp 
of an elliptic curve defined /Q are transcendental. (For this and the result that 
follows, it is essential that g 2 , g 3 G Q and u[= dz] be defined /Q [e.g., dx/y] — 
rescaling is not allowed.) 

Less well-known (but quite useful) is a result of T. Schneider [Sc, Satz 16 (p. 
61)] which can be read as follows for E/Q with associated Weierstrass p(z), 
writing K T = Q(r) if E has CM and K T = Q otherwise: 

If u G C \ Z (Q a , Qp) is such that p{u) G Q, and b G Q \ K T is such that 
b ■ u Z (Q a , flp) , then p(b • u) is transcendental. 

We apply this to p = p 2 with u = A and b = Nti, note that since K T2 CQ(1, r 2 ) 
(whether or not E 2 has CM) and T\ ^ Q (1, r 2 ), Nt\ K T2 . Moreover, since E\ 
has CM, Nti G Q. So the requirements are met and p 2 (Nri - A) = p 2 (M£) ^ Q; 
since the group law is algebraic jp 2 (£) Q. But this is the x-coordinate of q, 
contradicting q G E 2 (Q). So the proof is finished. 

Remark 16.2. We emphasize that the obstruction to the existence of a cycle 
(of the above form) in ker(% 2 ) but not ker(\l/ 2 ), is not Hodge-theoretic in na- 
ture. One can repeat all the constructions of this paper (except the expected 
injectivity of \l/ and its consequences) with the spread field Q replaced by some 
£(=? Q)- This yields (weaker) analogues of \2 and \l/ 2 which are defined on 
ker (Alb). If we take Z = ((p) — (o)) x ((g) — (o)) with q G E 2 (L) and p not 
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defined /L, the computations proceed as above, with the same Hodge-theoretic 
target spaces. Moreover, in this case there is no contradiction at the end of the 
above proof. 

For example, take Ei, E 2 /Q with T\ = (so E\ has CM) and pick 

q = (p 2 (v /3 T^2a), p' 2 (V^in 2a )) G E 2 (C) so that AJ E _ 2 ((g) - (o)) = y^In 2a . 
This q is actually defined over some L with trdeg(L/Q) = 1, and we can ten- 
sor Ei and E 2 up to L. Then we take p G -Ei(C) very general and not de- 
fined /L, and spread Z (defined as above) out over L. Essentially by §15 
V%(Z) ^ 0, while xk( z ) identifies with V z =(il la • s/-Ltt 2a , • v^^W = 
(riflia ■ Q 2a , —^Qif3 ■ Q 2a ) = (Qi[3Q 2a , — Qi a Q 2a ) G L and hence is in C 2 /L. 

17. 0-CYCLES ON SPECIAL KUMMER SURFACES 

Let £ ^ P 1 be an elliptic fibration (defined /Q) where 8 is an exceptional 
K3 surface (i.e. rank(Pic(£)) = 20); the Fermat quartic is the example we have 
in mind. The following questions arise, if we take a smooth "algebraic" fiber 
E q = 7r _1 (g) (q e Q), with general point p and algebraic base point o/Q. Since 

H°(ni) = o, 

Z £ := (p) - (o) G fcer(Alb). 

rat 

Is y 2 (Z e ) nontrivial? Is Z £ ^ 0? 

One approach to the first question is to try and compute it by the differential 
character approach, i.e. the membrane integrals (11.1). Since trdeg(Z/Q) = 1, 
[C] 2 = and so V 2 (Z) = [AJQi] moreover since H l t ;\S) = 0, X i(Z) = [AJ(C)]i- 
So this is a rare instance (like the self-product of a CM elliptic curve in §14) 
where the membrane integrals derived from loops on S [= E q here] compute 
(essentially) the entire invariant. 

Let's be concrete about these: spreading {p} merely gives the image of Ae 9 

idxtg 

under E q x E q E q x S. Take cycles a, f3 e Hi(E q ) and let fj, Q , \x$ be bound- 
ing membranes G C 2 {£) (possible since Hi{£) = 0). One merely has to show 
that and f do not both give torsion classes in {H 2,0 (£, C)} y / im{H 2 (£ , Z)}. 

Moreover H 2,0 (£) is generated by some Q which has only 2 nontrivial periods. 
Now for instance the Fermat quartic has "CM" (in this case, an order-4 auto- 
morphism) and it follows that the period ratio is 1 : i. So we merely have to 

show that no integral multiple of Q j Q is a Gaussian integer. (At 

least this would be sufficient.) 

We venture a guess that it is transcendental, but pursue an alternate route 
(and answer only the second question above). Consider the fact that the Fermat 
quartic is a special Rummer surface ([PS], [PL]). That is, it may be constructed 



56 



MATT KERR 



as a blow-up of a quotient of a product of elliptic curves. Namely, if £i(C) = 
C/Z (l, |> and E 2 (C) ^ C/Z (1, i) then the action of (-id u -id 2 ) : E 1 xE 2 ^ 
Ei x E 2 induces a quotient morphism 9 : E 1 x E 2 — > £. Products of 2-torsion 
points give rise to 16 singular points; blowing these up yields b : £ — > £, with 
£ a K3 surface fibering over E 2 j (—id 2 ,id 2 ) = P 1 . 

For example, if E 2 = {y 2 = x 3 — 5x} then {x, y} i— > {x} G P 1 gives the 
map E 2 A P 1 . The singular fibers of £ A P 1 lie over the p — images of the 2- 
torsion points, namely {±a/5, 0, oo}. They consist of (connected) configurations 
of rational curves. So any two points on a singular fiber are rationally equivalent. 
On the other hand, the restriction of 9 to E\ x [E 2 \ {2-torsion}) gives an etale 
double cover of the smooth fibers 7r _1 (P 1 \ {±v^5, 0, oo}). 

Now take points o = p _1 (oo) and £ G ^(Q) such that the class (£) — (o) in 
nontorsion, and write q := p(£) G P X (Q) \ {±^,0,00}. Also write o G i?i(Q) 
for a base point and p G -E'i(C) for a very general point. As above, we denote the 

push-forward of (p) — (o) under the composition i?i = Eix{(} — » 7r _1 (q') =: 

^ by Z £ . Let W be another 0-cycle on £, consisting of a difference of 
two points in 7r _1 (oo) such that K(W) = #*((o, o) — (p,o)). Finally, define 
Z:=(p,0-(o,0-(p,o) + (o,o)eZ (E 1 xE 2/c ). 

rat rat 

From Proposition 15.1, we know Z ^ 0; while W = is obvious. Moreover, 
Z is the 2-box B(p, £) with 9*9*Z = B(p, £) + B(—p, — £); explicit rational 

rat rat 

equivalences show £) = B(—p, — £), and so 9*9*Z = 2Z ^ 0. It follows 

rat rat rat 

that ^ 6**Z = + W), so that + W ^ 0; hence ^ 0, as we wanted 

to show. 

Of course, this is not surprising in light of the isomorphism between the Al- 
banese kernels of an abelian variety and its associated Kummer surface, proved 
by Bloch in [BKL, appendix]. 
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